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Abstract

The priority view (Parfit 1997) demands that benefiting people
should matter more the worse off these people are in “absolute” terms
of their well-being. In the model of allocating resources based on in-
dividual capabilities (output functions), this view is well represented
by disability monotonicity that requires no reduction in the amount of
resources allocated to an agent after she becomes more disabled. We
provide alternative axiomatic characterizations of the extended egal-
itarian rules (Moreno-Ternero and Roemer 2006) on the basis of dis-
ability monotonicity and agreement (when there is a change in agents’
capabilities or total resources, all agents who remain unchanged should
be influenced in the same direction: all unchanged agents get more or
all get less or all get the same amount as before).
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monotonicity

JEL Classification: D63, D71

1 Introduction

In the stylistic framework of resource allocation problems proposed by Moreno-
Ternero and Roemer (2006, 2012), individuals are characterized by their
capabilities, represented as output functions that transform resources into
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“interpersonally comparable” outputs (e.g., educational achievement, infant
mortality, patient survival, success in rescuing victims of a disaster). There
is no ex post exchange of outputs and no ex post compensation or transfer,
say, via money. Even if ex post compensation or transfer is possible, ethical
priority is given on the allocation of resources and outputs, and the key norm
under investigation is distributive justice in this allocation problem.

Moreno-Ternero and Roemer (2006) build a foundation of extended egali-
tarian norms using the two ethical principles, “priority” (Parfit 1997; Temkin
1993, 2003) and “solidarity”(Thomson 1983; Chun, 1986). Our goal is to
add to this contribution by establishing parallel results in a fixed population
model on the basis of a more direct formulation of Parfit’s priority view and
agreement (Moulin 1987a; Thomson 1997, 1999; Chun 1999, 2000). Agree-
ment requires that when there occurs a shock changing the output functions
of some agents (and none is responsible for it), it should influence the other
agents in the same direction, that is, all these unchanged agents get more or
all get less or all get the same amounts of resources as before.

Parfit (1997, p.213) proposes, as an alternative to the principle of equality,

The Priority View: Benefiting people matters more the worse
off these people are.

It implicates redistributive rectification in wide scope of cases as the tele-
ological egalitarian view does. On the other hand, unlike the teleological
egalitarian view, it is not vulnerable to the “leveling down objection”. Sen’s
weak equity axiom (Sen 1973) captures this idea by requiring that a per-
son with disability, or less capability of transforming resources into outputs,
should receive more resources. The priority axiom by Moreno-Ternero and
Roemer (2006) is much stronger. It requires that even when two persons can-
not be ordered in terms of disability (one is disabled relative to the other),
no one should get more as well as produce more than the other.

In explaining the difference between the priority and the egalitarian views,
Parfit (1997, p.214) remarks that

Egalitarians are concerned with relatives: with how each per-
son’s level compares with the level of other people. On the Pri-
ority View, we are concerned only with people’s absolute levels.

In the same vein, Temkin (2003, p.65) remarks that

the extent to which improvements in a person’s well being
affects an outcome’s goodness depends solely on their absolute
level, and the degree to which their well-being would be improved.



Neither Sen’s axiom nor the priority axiom by Moreno-Ternero and Roe-
mer (2006) seems to well accommodate the difference emphasized in the
quoted remarks. One way of moving away from “relatives” is to consider how
allocation rules respond to a change in a person’s disability level. Parfit’s
priority view will support the idea that when a person becomes more dis-
abled, ceteris paribus, she should not get less resources. She can get more
than before not because she is disabled relative to another, but because her
disability level increases. This is exactly what our priority axiom, disability
monotonicity requires. We find that disability monotonicity is closely re-
lated with Sen’s axiom and the priority axiom by Moreno-Ternero and Roe-
mer (2006). In fact, these axioms will be alternatively used, together with
agreement, to characterize the same family of extended egalitarian rules.

One may criticize that the framework is not appropriate since ex post
compensation or transfer may be essential for achieving “efficiency”. A mod-
est reaction to this point is that the agents in our model put so much weight
on the allocation of resources and outputs that any ex post compensation
cannot make substantial differences in their welfare (as for lexicographic
preferences ordering over the space of resource, output, and ex post com-
pensation). Another reaction, somewhat provocative to some economists,
is that the primary concern for us is a moral evaluation of resource-output
allocations; preferences satisfaction, relevant to efficiency, is secondary.

The two well-known forms of egalitarianism are the equalization of re-
sources or the equalization of outcomes. A rich family of extended egali-
tarian rules in-between these two rules can be formulated based on a vari-
ety of index-functions associating with each resource-outcome pair a degree
of egalitarian-index. An index-egalitarian rule (Moreno-Ternero and Roe-
mer 2006) allocates resources by equalizing egalitarian indices of all agents.
Resource-egalitarian rule utilizes the index function that depends only on
resources (outcomes do not count). When outcomes are interpreted as wel-
fare, welfare-egalitarian rule utilizes the index function that depends only on
outcomes (resources used to produce the outcomes do not count). These two
rules are discussed extensively in the literature, in particular, by Dworkin
(1981a, 1981b). A rich spectrum of egalitarianism is provided through a
variety of index functions between the two extreme rules.

2 Preliminaries

There is a finite number of agents, each of whom utilizes a resource good to
produce an output. A total amount of resources is to be allocated among the
agents and individual outputs are interpersonally comparable.



Let N = {1,2,---,n} be the set of agents and assume n > 3. An
individual agent ¢ € N is characterized by her output function y;: R, —
R, which is assumed to be continuous, strictly increasing, unbounded, and
y;(0) = 0. Let Y* be the set of all such output functions and call it the
universal set of output functions. For all 7,7 € N and all y;,y; € V*, y; is
disabled relative to y; if for all w > 0, y;(w) < y;(w). An economy e = (y, W)
is composed of a profile of agents’ output functions y = (;)ieny € V¥ and
the total amount of available resources W > 0. Let £ = Y*V x R, be the
set of all economies, the universal domain. A domain £ C £* is a non-empty
subset of the universal domain such that for some Y C Y*, £ = YV x R,.

Domain & is a covering domain if the graphs of output functions in Y
cover the positive quadrant, that is, for all (a,b) € R2 ., there is y; € Y such
that y;(a) = b. It is well-ordered if for all two output functions y;,y. € Y,
y; is disabled relative to y. or ¥} is disabled relative to y;. It is rich if for all
Yi,y, € Y and all a,b € R, with a < b and y;(a) < yi(b), there is ! € Y such
that both y; and y} are disabled relative to y; and y/(a) < y;(b). For example,
if the domain is maz-closed, that is, for all y;, y: € V, max{y;,y.} € V,' then
the domain is rich.

An allocation rule is a function F that associates with each economy
e = (y,W) € £ a vector of individual shares of W, F(e) = (Fi(e))ien € RY
meeting resource constraint, Y ..\ Fi(e) = W.

Here are some useful notation. For all x = (x;);ey and y = (y;)ien, we
write x > y if x; > y; for allt € N; o > y if x; > y; for all © € N. For all
S C N, let x5 = (7;)ies and let (z},x_;) be the profile obtained from x by
replacing its i-th component with z.

3 Axioms

3.1 Priority Axioms

Moreno-Ternero and Roemer (2006) formalize Parfit’s priority principle by
requiring that when agent ¢ is offered of less resources than agent j, agent ¢
should produce at least as much as agent j; that is, there should not be any
domination of the resource-output pairs across any two agents.

No-Domination. For all e = (y,WW) € &, there is no pair i,j € N such
that Fy(e) < Fy(e) and g:(Fi(e)) < y5(Fy(e)).

LFor all a > 0, max{y;, y.}(a) = maz{y;(a),y.(a)}.



Moreno-Ternero and Roemer (2006) call this axiom priority. A milder prin-
ciple, which is more directly connected to Parfit’s principle is to require that
when agent ¢ is disabled relatively to agent j, more resources should be of-
fered to agent ¢ than to agent j (referred to as the weak equity axiom by Sen
1973).

(Disability-)Order-Preservation. Foralle = (y,W) € £and alli,j € N,
if agent ¢ is disabled relatively to agent j, then F;(e) > Fj(e).

Note that disability-order-preservation does not prevent disabled agent ¢ from
producing more than less disabled agent j, that is, disabled agent ¢ may
receive so much more than agent j that agent i’s output may be higher than
agent j’s, in which case, no-domination is violated. The next axiom requires
that disabled agent ¢ should not produce more than agent j.

No-Reversal (in Outputs). For all e = (y,W) € £ and all i,j € N, if
agent i is disabled relatively to agent j, then y;(Fi(e)) < y;(Fj(e)).

Note that each of the three axioms implies equal treatment of equals; for all
e=(y,W) e, ify, =y;, then Fj(e) = F;(e). Note also that no-domination
implies order-preservation and no-reversal, and conversely, if the domain is
well-ordered, the combination of order-preservation and no-reversal implies
no-domination.

According to Parfit’s priority view, a disabled person should be given more
attention not because of her disability relative to another but because her
disability level (Parfit 1997, p.214). The above priority axioms are concerned
with relatives (Parfit 1997) since they all connect “whom to give more” with
the relative disability comparison. The next axiom is not. We think that
Parfit’s priority view, distinct from the relative concern, will support the
idea that when a person becomes more disabled, ceteris paribus, her resource
should not decrease. The disabled person can get more than before not
because she is disabled relative to another, but because her disability level
increases.

Disability Monotonicity. Foralle = (y,W) € £, alli € N, and all y;, y, €
YV, if agent i with gy} is disabled relative to herself with y;, F;(y.,y_;, W) >
Fi(y7 W)

Thus, benefiting agent ¢« matters more the worse off she becomes, as is stated
in Parfit’s priority view.

The logical relation between the above priority axioms will be discussed
in Section 4. These priority principles will be considered in combination with
other basic axioms in the literature of fair allocation.



3.2 Solidarity Axioms

The first solidarity axiom pertains to a shock in the output functions of
some agents or resources. It requires that any such shock should influence
all unchanged agents in the same direction, that is, all get more, all get less
or all get the same as before (Moulin, 1987a; Thomson, 1997, 1999; Chun,
1999, 2000).

Agreement. For all e = (y,W) € £ and ¢/ = (v, W) € £, and all M C N,
if Ypy = yg\/[, then FM(G) = FA[(G/) or FM(G) > F]w(el) or FM(G) < F]w(el).

An implication of agreement is that whenever a subgroup of agents with their
output functions unaffected by a shock receives the same total amount after
the shock, the allocation of this total amount should remain the same too,
that is, all of them should get the same individual shares as before (Moulin
1987b; Chun 1999, 2000, 2006).

Separability. Foralle = (y,IW)e and e = (v, W) e andall M C N
such that yar = vy, if D00, File) = > .cp Fi(€'), then Fiy(e) = Fiuy(e').

Another implication of agreement is the solidarity that pertains to a resource
shock. The axiom says that when a bad or a good resource shock occurs to an
economy, all the members should share in the calamity or windfall (Roemer,
1986; Chun and Thomson, 1988).

Resource Monotonicity. For all e = (y, W) € £ and ¢ = (y, W) € &, if
W' > W, then F(e') > F(e).

Evidently, an implication of resource monotonicity is resource continuity,
that is, for all y € Y, if a sequence of resources (W™ : n € N) converges to
W, then (F(y,W") : n € N) converges to F(y, W).

4 Main results

We first show that agreement is equivalent to the combination of separability
and resource monotonicity.

Proposition 1. A rule satisfies agreement if and only if it satisfies separa-
bility and resource monotonicity.

Proof. We skip the evident proof that agreement implies separability and re-
source monotonicity. To prove the converse, let F be a rule satisfying separa-
bility and resource monotonicity. Let e = (y,W) € £ and € = (y,W') € &,
and M C N be such that yy, = v}, We show that Fy(e) = Fy(e') or



Fry(e) > Fuy(€') or Fpy(e) < Fy(€'). Without loss of generality, assume that
Yien File) 2 2 ,en File).

If Yo File) = > Fie), then Fyy(e) = Far(e') by separability.

Now consider the case ) .., Fi(e) > >_,c, Fi(e'). By resource continu-
ity, there is W* such that >, Fi(y, W*) = > ..\, Fi(¢/). Then W* >
W or W* < W. By resource monotonicity, W* < W. By separabil-
ity, Fa(y, W*) = Fy(€'). By resource monotonicity, Fu(y, W*) < Fy(e).
Therefore, Fy(e') < Fy(e). O

Remark 1. Moreno-Ternero and Roemer (2006) show that solidarity is equiv-
alent to the combination of consistency and resource monotonicity. Propo-
sition 1 is in parallel with their result.

Proposition 2. Given a rich domain, if a rule satisfies no-reversal, disability
monotonicity, and agreement, then it satisfies no-domination.

Proof. Let &€= YN xR, be a max-closed domain (or any rich domain). Let
F be a rule satisfying agreement, no-reversal, and disability monotonicity.

Step 1. Foralle = (y,W) € £, alli € N, and all y, < y;, Fi(y},y_i, W) >
Fi(y, W) and for all j # i, Fj(y;,y—i, W) < F(y, W).
Let e = (y,W) € £, i € N, and ¥} be such that y, < y;. Let x = F(y, W)
and ' = F(y.,y_;, W). By disability monotonicity, x; < z,. If x; = x,
then by agreement and resource constraint, x_; = ' ,. Likewise, if z; < xf,
x>,

Step 2. F satisfies no-domination.
Suppose by contradiction that for some e = (y, W) and i,j € N, z; < z; and
yi(z;) < y;(z;) where x = F(e). Let y; € Y be such that max{y;,y;} < v} and
yi(z;) < y;(x;). Existence of such y, is guaranteed by the domain richness.
Let ¢ = ((¢y},y—i), W) and 2’ = F(e’). Since y; is disabled relative to y/, by
Step 1, z; < x; and x; < 2. Then yi(z}) < yi(zi)< y;(7;) < y;(2}). Hence
yi(z}) < y;(z}), which contradicts no-reversal at e’ O

We next define a family of rules that satisfy all priority axioms and agree-
ment. Let ® be the class of all functions ¢ : R%, U(0,0) — R, continuous
on its domain and non-decreasing, such that inf{¢(z,y)} = ¢(0,0) = 0 and,
for all (z,y) > (2,t),p(z,y) > @(z,t). Let ¢ be a function in the class ®.
For all ¢ € I, define the function ¢; : R, — R, that determines agent ¢’s
p-value as a function of ’s wealth, i.e., ¥;(w) = p(w, y;(w)) for all w € R,.
Then we can define the corresponding index-egalitarian rule (Moreno-Ternero
and Roemer 2006) as the rule that equalizes the ¢-value across agents.



Index-Egalitarian Rule E¥: For all ¢ = (y,W) € £ and all i € N,
E?(e) = ;' (\), where A > 0 is chosen so that >, 1 (A) = W.

Note that for all i € N, ;' is a continuous, strictly increasing, and
unbounded function that satisfies 1; 1(0) = 0. All the rules within the family
E¥(e) satisfy no-domination and agreement. Moreover, they are the only
rules satisfying the two axioms simultaneously.

Theorem 1. Given a covering domain, a rule satisfies no-domination and
agreement if and only if it is indez-egalitarian. When the covering domain is
well-ordered, a rule satisfies order-preservation, no-reversal, and agreement
if and only if it is index-egalitarian.

The proof is provided in the appendix. We next establish an alternative
characterization replacing no-domination with the combination of no-reversal
and disability monotonicity.

Theorem 2. Given a rich covering domain, a rule satisfies no-reversal, dis-
ability monotonicity, and agreement if and only if it is indez-egalitarian.

Proof. The “only-if” part follows from Theorem 1 and Proposition 2. We only
have to prove that all index-egalitarian rules satisty disability monotonicity.
Let F' be an index-egalitarian rule represented by ¢. Let (y,W) € £, i €
N, and y; € Y be such that v} < y;. Let v = (v},y-), © = F(y,W)
and ' = F(y,W). Then there exist A\,\" > 0 such that for all h € N,
o(xn, yn(xp)) = X and @(z), y),(z),)) = N. First, suppose that A" > A. Then
for all h € N\{i}, p(zn, yn(zn)) < ©(a}, yn(x})), which implies that z;, < x},.
In the case of i, o(x;,yi(z;)) < @z}, yi(x}))< @(af, yi(x})), which implies
that x; < zj. Altogether, W = %", vz, <>, .y, = W, a contradiction.
Therefore, A < A. Then for all h # i, o(xp, yn(zr)) > ©(x}, yu(z),)), which
implies that x; > zj,. And by resource constraint, x; < z;, as required by
disability monotonicity. O

It follows from Proposition 1 and Theorems 1 and 2 that:

Corollary 1. Given a covering domain, a rule satisfies no-domination, sep-
arability, and resource monotonicity if and only if it is index-egalitarian.
When the covering domain s rich, a rule satisfies no-reversal, disability
monotonicity, separability, and resource monotonicity if and only if it is
index-egalitarian.



Appendix: Proof of Theorem 1

We prove Theorem 1 through an adaptation of the proof used by Moreno-
Ternero and Roemer (2006). Their solidarity axiom in the variable pop-
ulation model implies an invariance property in the reduced-population-
problem, known as “consistency”, which plays an essential role in their proof.
We cannot utilize the same proof since we consider a different solidarity ax-
iom formulated for the fixed population model.

Fix 5, € V. Given a rule F, for all @« € Ry, let E(a) be the set of
economies where an agent with 7, exists and any agent with y; receives «,
that is, £(a) = {e € &€ : for some i € N, y; = ¢, and for all j € N with
y; = U1, Fj(e) = a}. Let C(«) be the set of all resource-outcome pairs in all
economies in &(a), that is, C(a) = {(a,b) € R? : there is e € () such that
for some j € N, Fj(e) = a and y,(a) = b}.

Lemma 1. If F' satisfies no-domination and resource continuity, then for
ally € Y, all M C N, and all o € R, there exists W* € Ry such that

ZieM Fi(Z/? W*) = .

Proof. Let y € YV, M C N and o« > 0. Let W, € R, be such that
Wy < a. Since ),y Fi(y,Wi) = Wy and for all i € N, Fi(e) > 0, then
Yien Fily, Wh) < o

We next show that there is W5 > 0 such that >, . Fi(y,W2) > a.
Consider a sequence (W™: n € N) such that lim,_,,, W™ = oo. Since for
all n, >,y Fily, W") = W™, there is j € N such that (F;(y,W") : n €
N) is an unbounded sequence. Then, since y;(-) is an unbounded function,
(y;(F;(y,W™)) : n € N) is also an unbounded sequence.

We show that there is 7 such that )., Fi(y, W™) > a. Suppose by con-
tradiction that for all n € N, Y., Fi(y, W") < a. Since both (Fj(y, W") :
n € N) and (y;(F;(y, W")) : n € N) are unbounded, there is n such that
Yoien Fily, W) <o < F(y, W") and for all i € M, y;(a) < y;(Fj(y, W™)).
Hence for such n, foralli € M, F;(y, W") < o < F;(y, W") and y;(F;(y, W™))
yi(a) < y;(Fj(y, W™)), which contradicts no-domination.

Now let Wy = W7, Then ) .\, Fi(y,W2) > a. Since ) .., Fi(y, W) <
a < Y .on Fily, Wa), by resource continuity, there is W* € R, such that
>ien Fily, W) = o [

Lemma 2. Assume that F satisfies no-domination and agreement. For all
e = (y, W) and all three distinct i,j,k € N, there is ¢ = (y',W') such that
Yi = Yi» Y = Y = Yj, and Fi(€') = Fi(e) and Fj(e') = Fy(e') = Fj(e).

Proof. Let e = (y,W) and i, j, k are distinct. Let y' be such that y; = y;, y; =
Y, = y;- By Lemma 1, there is W’ such that F;(e') + Fj(e') = Fi(e) + Fj(e),

9

IN



where ¢/ = (y/,W’). By separability (implied by agreement), F;(e') = F;(e)
and Fj(e') = Fj(e). Since y; = y, = y;, then by no-domination, Fy(e') =
Fj(@). ]

We show that for all « > 0, C'(«) is downward sloping,.

Lemma 3. If F' satisfies no-domination and agreement, then C(«) is down-
ward sloping, that is, for all (a,b), (a',b') € C(«) with a < a’, we have b > V.

Proof. Assume that F' satisfies no-domination and agreement. To prove
that C'(«) is downward sloping, suppose, to the contrary, that for some
(a,b), (V) € Cla), a < a’ and b < /. By definition of C(«), there ex-
ist e = (y,W) € E(a) and € = (¥, W') € E(a) such that for some i,j € N
such that (a,b) = (Fi(e),yi(Fi(e))) and (a',0") = (Fj(¢'), y;(Fj(€'))). By
Lemma 2, we may let y; = 3, = y; and assume that 1,4, 7 are three distinct
agents. Note that Fi(e) = Fi(e') = a. Let g be such that g = v}y, 5
and Un\(1,ij} = YN\{1,i,j}- By Lemma 1, there is W such that Fi(é)+ Fi(ée) +
Fj(é) = Fi(¢) + Fi(¢) + Fj(¢'), where é = (4, W). By separability (implied
by agreement), F{“J}(A) F{lw}( e).

Let y” such that y;' = y;, yj =y, yi = 71 and for all h #4,5,1, y) = yn.
By Lemma 1, there is W” > 0 such that

Fi(e") + Fi(e") + Fi(e") =a+a+d, (1)

where e’ = (y”,W"). Suppose Fi(e") > «. By applying agreement to e and
e’, we get F( ") > a. Likewise, by applying agreement to é and e”, we get
F;(e") > d'. Altogether, Fi(e") 4+ F;(e") + F;(¢") > o+ a+ d/, contradicting
(1). Therefore Fi(e”) < a. Similarly, we can show Fj(e¢”) > a. Hence
Fi(e") = a.

Then by agreement, Fi(e"”) = a and Fj(e”) = o’. Finally, since (a,b) =
(Fi(e"), yi(e")) < (Fj(e"),yi(e")) = (@', V'), in violation of no-domination at
e’ O

Lemma 4. {C(a) : a € R, } is a collection of disjoint sets.

Proof. Let oy > ay. Suppose that (a,b) € C'(a;) N C(ag). Then there exist
= (y,W") and i € N such that y; = g, F1(e) = ay, and (F(e'), yi(Fi(e 1))) =
(a,b). By Lemma 1, there is W2 such that Fy(y, W?) = ay. Let e? = (y, W?).
By resource monotonicity, Fi(e') = a > Fj(e?), and so y;(Fj(e )) =b>
yi(Fi(e?)). Since (a,b) € C(as) and (Fj(e?),y;(Fi(€?))) € C(az), Clay) is
not downward sloping, contradicting the conclusion of Lemma 3. O]

The next lemma says, by varying a > 0, C'(«)’s can cover the positive
quadrant.

10



Lemma 5. For all (a,b) € R2, U{(0,0)}, there is a unique a > 0 such that
(a,b) € C(a).

Proof. Let (a,b) € RY, U{(0,0)}. Since Y covers the positive quadrant,
there exist y € Y~ and i € N\{1} such that y;(a) = b and y,(-) = §1().
By Lemma 1, there exists W € R, such that F;(y,W) = a. By letting
a = Fi(y,W), we get (a,b) € C(a). Finally, the uniqueness of « is implied
by Lemma 4. O

The next lemma says that if a; > g, then C(ay) lies above C'(ay).

Lemma 6. If a1 > ay, then (i) for all (a,b) € C(ay) there exists (a’,b') €
C(ay) such that (a,b) < (a',V'), and (ii) there is no (a”,V") € C(ay) and
(a,b) € C(ay) such that (a”",0") > (a,b).

Proof. Fix oy > an. To prove (i), let (a,b) € C(az). Let e = (y, W) € E(an)
and i € N be such that y; = 91, Fi(e) = aq, and (Fj(e),y:(Fi(e))) = (a,b).
By Lemma 1, there is W’ such that Fi(y,W’) = ay. Since a; > ag, by
agreement, F;(y,W') > F;,(y,W') = a. Thus by letting o’ = F;(y, W’) and
b =y;(d), we get (a,b) < (a/,V) € C(ay).

To prove (ii), suppose by contradiction that there exist (a,b) € C(«y) and
(a",0") € C(ag) such that (a”,b"”) > (a,b). By (i), there is (a*,b*) € C(ay)
such that (a*,b*) > (a”,0"). Therefore, (a*,0*) > (a,b), which contradicts
that C'(ay) is downward sloping. O

The next lemma can be established from the above lemmas as in Moreno-
Ternero and Roemer (2006).

Lemma 7. Given a rule satisfying no-domination and resource monotonic-
ity, define ¢ : R2_,U{(0,0)} — Ry such that for all (a,b) € R, ¢(a,b) = «,
where a € Ry is such that (a,b) € C(«). Then ¢ is well-defined and is con-
tinuous, non-decreasing, inf{p(a,b) : (a,b) € R%2,} = (0,0) = 0, and for
all (a,b), (a',0') with a < a’and b <V, (a,b) < p(da’, V).

Now we are ready to prove Theorem 1.

Proof of Theorem 1. For all (a,b) € RZ_, U{(0,0)}, let ¢(a,b) = a, where o
is such that (a,b) € C(«). By Lemma 5, ¢(-) is well-defined. By Lemma 7,
p e d.

We now show that F(y,W) = E?(y,W) for all (y,W) € €. Let e =
(y, W) eé&.

If for some i € N, y; = 71, then by letting A = Fj(e), we have for all j € N,
(Fy(e),15(Fy(€))) € C(\). Therefore ;(Fy(e)) = p(F;(e), yy(Fy(e))) = A for
all j. Since } .y Fj(e) =W, F(e) = E¥(e).

11



We now consider the case that there is no i € N with y; = ;. We
will show that there is unique o > 0 such that (Fy(e),yn(Frn(e))) € C(a)
for all h € N. Consider ¥ = (1,¥2,...,Yn). By Lemma 1, there is W’
such that ZheN\{l} F,(y,W'") = ZheN\{l} Fy(e). By separability (implied by
agreement), for all h € N\{1}, Fy(y/, W') = Fy(e). Hence for all h € N\{1},
(Fr(e),yn(Fr(e))) € C(a). Similarly, we can show that (Fi(e),yi(Fi(e))) €
C(a). Therefore, for all h € N, ¥ (Fr(e)) = o(Fr(e),yn(Fj(e))) = a and
F(e) = E¥(e). O
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Abstract

The priority view (Parfit 1997) demands that benefiting people
should matter more the worse off these people are in “absolute” terms
of their well-being. In the model of allocating resources based on in-
dividual capabilities (output functions), this view is well represented
by disability monotonicity that requires no reduction in the amount of
resources allocated to an agent after she becomes more disabled. We
provide alternative axiomatic characterizations of the extended egal-
itarian rules (Moreno-Ternero and Roemer 2006) on the basis of dis-
ability monotonicity and agreement (when there is a change in agents’
capabilities or total resources, all agents who remain unchanged should
be influenced in the same direction: all unchanged agents get more or
all get less or all get the same amount as before).

Keywords: priority, solidarity, egalitarianism, agreement, disability

monotonicity

JEL Classification: D63, D71

1 Introduction

In the stylistic framework of resource allocation problems proposed by Moreno-
Ternero and Roemer (2006, 2012), individuals are characterized by their
capabilities, represented as output functions that transform resources into

*Acknowledgements will be added in the final version. This work was supported by
the National Research Foundation of Korea Grant funded by the Korean Government
(NRF-2010-330-B00077).

tDepartment of Economics, Seoul National University

fDepartment of Economics, Washington University

$Department of Economics, Seoul National University, Gwanak-ro 1, Gwanak-gu, Seoul,
South Korea, 151-746. e-mail: bgju@snu.ac.kr.





“interpersonally comparable” outputs (e.g., educational achievement, infant
mortality, patient survival, success in rescuing victims of a disaster). There
is no ex post exchange of outputs and no ex post compensation or transfer,
say, via money. Even if ex post compensation or transfer is possible, ethical
priority is given on the allocation of resources and outputs, and the key norm
under investigation is distributive justice in this allocation problem.

Moreno-Ternero and Roemer (2006) build a foundation of extended egali-
tarian norms using the two ethical principles, “priority” (Parfit 1997; Temkin
1993, 2003) and “solidarity”(Thomson 1983; Chun, 1986). Our goal is to
add to this contribution by establishing parallel results in a fixed population
model on the basis of a more direct formulation of Parfit’s priority view and
agreement (Moulin 1987a; Thomson 1997, 1999; Chun 1999, 2000). Agree-
ment requires that when there occurs a shock changing the output functions
of some agents (and none is responsible for it), it should influence the other
agents in the same direction, that is, all these unchanged agents get more or
all get less or all get the same amounts of resources as before.

Parfit (1997, p.213) proposes, as an alternative to the principle of equality,

The Priority View: Benefiting people matters more the worse
off these people are.

It implicates redistributive rectification in wide scope of cases as the tele-
ological egalitarian view does. On the other hand, unlike the teleological
egalitarian view, it is not vulnerable to the “leveling down objection”. Sen’s
weak equity axiom (Sen 1973) captures this idea by requiring that a per-
son with disability, or less capability of transforming resources into outputs,
should receive more resources. The priority axiom by Moreno-Ternero and
Roemer (2006) is much stronger. It requires that even when two persons can-
not be ordered in terms of disability (one is disabled relative to the other),
no one should get more as well as produce more than the other.

In explaining the difference between the priority and the egalitarian views,
Parfit (1997, p.214) remarks that

Egalitarians are concerned with relatives: with how each per-
son’s level compares with the level of other people. On the Pri-
ority View, we are concerned only with people’s absolute levels.

In the same vein, Temkin (2003, p.65) remarks that

the extent to which improvements in a person’s well being
affects an outcome’s goodness depends solely on their absolute
level, and the degree to which their well-being would be improved.





Neither Sen’s axiom nor the priority axiom by Moreno-Ternero and Roe-
mer (2006) seems to well accommodate the difference emphasized in the
quoted remarks. One way of moving away from “relatives” is to consider how
allocation rules respond to a change in a person’s disability level. Parfit’s
priority view will support the idea that when a person becomes more dis-
abled, ceteris paribus, she should not get less resources. She can get more
than before not because she is disabled relative to another, but because her
disability level increases. This is exactly what our priority axiom, disability
monotonicity requires. We find that disability monotonicity is closely re-
lated with Sen’s axiom and the priority axiom by Moreno-Ternero and Roe-
mer (2006). In fact, these axioms will be alternatively used, together with
agreement, to characterize the same family of extended egalitarian rules.

One may criticize that the framework is not appropriate since ex post
compensation or transfer may be essential for achieving “efficiency”. A mod-
est reaction to this point is that the agents in our model put so much weight
on the allocation of resources and outputs that any ex post compensation
cannot make substantial differences in their welfare (as for lexicographic
preferences ordering over the space of resource, output, and ex post com-
pensation). Another reaction, somewhat provocative to some economists,
is that the primary concern for us is a moral evaluation of resource-output
allocations; preferences satisfaction, relevant to efficiency, is secondary.

The two well-known forms of egalitarianism are the equalization of re-
sources or the equalization of outcomes. A rich family of extended egali-
tarian rules in-between these two rules can be formulated based on a vari-
ety of index-functions associating with each resource-outcome pair a degree
of egalitarian-index. An index-egalitarian rule (Moreno-Ternero and Roe-
mer 2006) allocates resources by equalizing egalitarian indices of all agents.
Resource-egalitarian rule utilizes the index function that depends only on
resources (outcomes do not count). When outcomes are interpreted as wel-
fare, welfare-egalitarian rule utilizes the index function that depends only on
outcomes (resources used to produce the outcomes do not count). These two
rules are discussed extensively in the literature, in particular, by Dworkin
(1981a, 1981b). A rich spectrum of egalitarianism is provided through a
variety of index functions between the two extreme rules.

2 Preliminaries

There is a finite number of agents, each of whom utilizes a resource good to
produce an output. A total amount of resources is to be allocated among the
agents and individual outputs are interpersonally comparable.





Let N = {1,2,---,n} be the set of agents and assume n > 3. An
individual agent ¢ € N is characterized by her output function y;: R, —
R, which is assumed to be continuous, strictly increasing, unbounded, and
y;(0) = 0. Let Y* be the set of all such output functions and call it the
universal set of output functions. For all 7,7 € N and all y;,y; € V*, y; is
disabled relative to y; if for all w > 0, y;(w) < y;(w). An economy e = (y, W)
is composed of a profile of agents’ output functions y = (;)ieny € V¥ and
the total amount of available resources W > 0. Let £ = Y*V x R, be the
set of all economies, the universal domain. A domain £ C £* is a non-empty
subset of the universal domain such that for some Y C Y*, £ = YV x R,.

Domain & is a covering domain if the graphs of output functions in Y
cover the positive quadrant, that is, for all (a,b) € R2 ., there is y; € Y such
that y;(a) = b. It is well-ordered if for all two output functions y;,y. € Y,
y; is disabled relative to y. or ¥} is disabled relative to y;. It is rich if for all
Yi,y, € Y and all a,b € R, with a < b and y;(a) < yi(b), there is ! € Y such
that both y; and y} are disabled relative to y; and y/(a) < y;(b). For example,
if the domain is maz-closed, that is, for all y;, y: € V, max{y;,y.} € V,' then
the domain is rich.

An allocation rule is a function F that associates with each economy
e = (y,W) € £ a vector of individual shares of W, F(e) = (Fi(e))ien € RY
meeting resource constraint, Y ..\ Fi(e) = W.

Here are some useful notation. For all x = (x;);ey and y = (y;)ien, we
write x > y if x; > y; for allt € N; o > y if x; > y; for all © € N. For all
S C N, let x5 = (7;)ies and let (z},x_;) be the profile obtained from x by
replacing its i-th component with z.

3 Axioms

3.1 Priority Axioms

Moreno-Ternero and Roemer (2006) formalize Parfit’s priority principle by
requiring that when agent ¢ is offered of less resources than agent j, agent ¢
should produce at least as much as agent j; that is, there should not be any
domination of the resource-output pairs across any two agents.

No-Domination. For all e = (y,WW) € &, there is no pair i,j € N such
that Fy(e) < Fy(e) and g:(Fi(e)) < y5(Fy(e)).

LFor all a > 0, max{y;, y.}(a) = maz{y;(a),y.(a)}.





Moreno-Ternero and Roemer (2006) call this axiom priority. A milder prin-
ciple, which is more directly connected to Parfit’s principle is to require that
when agent ¢ is disabled relatively to agent j, more resources should be of-
fered to agent ¢ than to agent j (referred to as the weak equity axiom by Sen
1973).

(Disability-)Order-Preservation. Foralle = (y,W) € £and alli,j € N,
if agent ¢ is disabled relatively to agent j, then F;(e) > Fj(e).

Note that disability-order-preservation does not prevent disabled agent ¢ from
producing more than less disabled agent j, that is, disabled agent ¢ may
receive so much more than agent j that agent i’s output may be higher than
agent j’s, in which case, no-domination is violated. The next axiom requires
that disabled agent ¢ should not produce more than agent j.

No-Reversal (in Outputs). For all e = (y,W) € £ and all i,j € N, if
agent i is disabled relatively to agent j, then y;(Fi(e)) < y;(Fj(e)).

Note that each of the three axioms implies equal treatment of equals; for all
e=(y,W) e, ify, =y;, then Fj(e) = F;(e). Note also that no-domination
implies order-preservation and no-reversal, and conversely, if the domain is
well-ordered, the combination of order-preservation and no-reversal implies
no-domination.

According to Parfit’s priority view, a disabled person should be given more
attention not because of her disability relative to another but because her
disability level (Parfit 1997, p.214). The above priority axioms are concerned
with relatives (Parfit 1997) since they all connect “whom to give more” with
the relative disability comparison. The next axiom is not. We think that
Parfit’s priority view, distinct from the relative concern, will support the
idea that when a person becomes more disabled, ceteris paribus, her resource
should not decrease. The disabled person can get more than before not
because she is disabled relative to another, but because her disability level
increases.

Disability Monotonicity. Foralle = (y,W) € £, alli € N, and all y;, y, €
YV, if agent i with gy} is disabled relative to herself with y;, F;(y.,y_;, W) >
Fi(y7 W)

Thus, benefiting agent ¢« matters more the worse off she becomes, as is stated
in Parfit’s priority view.

The logical relation between the above priority axioms will be discussed
in Section 4. These priority principles will be considered in combination with
other basic axioms in the literature of fair allocation.





3.2 Solidarity Axioms

The first solidarity axiom pertains to a shock in the output functions of
some agents or resources. It requires that any such shock should influence
all unchanged agents in the same direction, that is, all get more, all get less
or all get the same as before (Moulin, 1987a; Thomson, 1997, 1999; Chun,
1999, 2000).

Agreement. For all e = (y,W) € £ and ¢/ = (v, W) € £, and all M C N,
if Ypy = yg\/[, then FM(G) = FA[(G/) or FM(G) > F]w(el) or FM(G) < F]w(el).

An implication of agreement is that whenever a subgroup of agents with their
output functions unaffected by a shock receives the same total amount after
the shock, the allocation of this total amount should remain the same too,
that is, all of them should get the same individual shares as before (Moulin
1987b; Chun 1999, 2000, 2006).

Separability. Foralle = (y,IW)e and e = (v, W) e andall M C N
such that yar = vy, if D00, File) = > .cp Fi(€'), then Fiy(e) = Fiuy(e').

Another implication of agreement is the solidarity that pertains to a resource
shock. The axiom says that when a bad or a good resource shock occurs to an
economy, all the members should share in the calamity or windfall (Roemer,
1986; Chun and Thomson, 1988).

Resource Monotonicity. For all e = (y, W) € £ and ¢ = (y, W) € &, if
W' > W, then F(e') > F(e).

Evidently, an implication of resource monotonicity is resource continuity,
that is, for all y € Y, if a sequence of resources (W™ : n € N) converges to
W, then (F(y,W") : n € N) converges to F(y, W).

4 Main results

We first show that agreement is equivalent to the combination of separability
and resource monotonicity.

Proposition 1. A rule satisfies agreement if and only if it satisfies separa-
bility and resource monotonicity.

Proof. We skip the evident proof that agreement implies separability and re-
source monotonicity. To prove the converse, let F be a rule satisfying separa-
bility and resource monotonicity. Let e = (y,W) € £ and € = (y,W') € &,
and M C N be such that yy, = v}, We show that Fy(e) = Fy(e') or





Fry(e) > Fuy(€') or Fpy(e) < Fy(€'). Without loss of generality, assume that
Yien File) 2 2 ,en File).

If Yo File) = > Fie), then Fyy(e) = Far(e') by separability.

Now consider the case ) .., Fi(e) > >_,c, Fi(e'). By resource continu-
ity, there is W* such that >, Fi(y, W*) = > ..\, Fi(¢/). Then W* >
W or W* < W. By resource monotonicity, W* < W. By separabil-
ity, Fa(y, W*) = Fy(€'). By resource monotonicity, Fu(y, W*) < Fy(e).
Therefore, Fy(e') < Fy(e). O

Remark 1. Moreno-Ternero and Roemer (2006) show that solidarity is equiv-
alent to the combination of consistency and resource monotonicity. Propo-
sition 1 is in parallel with their result.

Proposition 2. Given a rich domain, if a rule satisfies no-reversal, disability
monotonicity, and agreement, then it satisfies no-domination.

Proof. Let &€= YN xR, be a max-closed domain (or any rich domain). Let
F be a rule satisfying agreement, no-reversal, and disability monotonicity.

Step 1. Foralle = (y,W) € £, alli € N, and all y, < y;, Fi(y},y_i, W) >
Fi(y, W) and for all j # i, Fj(y;,y—i, W) < F(y, W).
Let e = (y,W) € £, i € N, and ¥} be such that y, < y;. Let x = F(y, W)
and ' = F(y.,y_;, W). By disability monotonicity, x; < z,. If x; = x,
then by agreement and resource constraint, x_; = ' ,. Likewise, if z; < xf,
x>,

Step 2. F satisfies no-domination.
Suppose by contradiction that for some e = (y, W) and i,j € N, z; < z; and
yi(z;) < y;(z;) where x = F(e). Let y; € Y be such that max{y;,y;} < v} and
yi(z;) < y;(x;). Existence of such y, is guaranteed by the domain richness.
Let ¢ = ((¢y},y—i), W) and 2’ = F(e’). Since y; is disabled relative to y/, by
Step 1, z; < x; and x; < 2. Then yi(z}) < yi(zi)< y;(7;) < y;(2}). Hence
yi(z}) < y;(z}), which contradicts no-reversal at e’ O

We next define a family of rules that satisfy all priority axioms and agree-
ment. Let ® be the class of all functions ¢ : R%, U(0,0) — R, continuous
on its domain and non-decreasing, such that inf{¢(z,y)} = ¢(0,0) = 0 and,
for all (z,y) > (2,t),p(z,y) > @(z,t). Let ¢ be a function in the class ®.
For all ¢ € I, define the function ¢; : R, — R, that determines agent ¢’s
p-value as a function of ’s wealth, i.e., ¥;(w) = p(w, y;(w)) for all w € R,.
Then we can define the corresponding index-egalitarian rule (Moreno-Ternero
and Roemer 2006) as the rule that equalizes the ¢-value across agents.





Index-Egalitarian Rule E¥: For all ¢ = (y,W) € £ and all i € N,
E?(e) = ;' (\), where A > 0 is chosen so that >, 1 (A) = W.

Note that for all i € N, ;' is a continuous, strictly increasing, and
unbounded function that satisfies 1; 1(0) = 0. All the rules within the family
E¥(e) satisfy no-domination and agreement. Moreover, they are the only
rules satisfying the two axioms simultaneously.

Theorem 1. Given a covering domain, a rule satisfies no-domination and
agreement if and only if it is indez-egalitarian. When the covering domain is
well-ordered, a rule satisfies order-preservation, no-reversal, and agreement
if and only if it is index-egalitarian.

The proof is provided in the appendix. We next establish an alternative
characterization replacing no-domination with the combination of no-reversal
and disability monotonicity.

Theorem 2. Given a rich covering domain, a rule satisfies no-reversal, dis-
ability monotonicity, and agreement if and only if it is indez-egalitarian.

Proof. The “only-if” part follows from Theorem 1 and Proposition 2. We only
have to prove that all index-egalitarian rules satisty disability monotonicity.
Let F' be an index-egalitarian rule represented by ¢. Let (y,W) € £, i €
N, and y; € Y be such that v} < y;. Let v = (v},y-), © = F(y,W)
and ' = F(y,W). Then there exist A\,\" > 0 such that for all h € N,
o(xn, yn(xp)) = X and @(z), y),(z),)) = N. First, suppose that A" > A. Then
for all h € N\{i}, p(zn, yn(zn)) < ©(a}, yn(x})), which implies that z;, < x},.
In the case of i, o(x;,yi(z;)) < @z}, yi(x}))< @(af, yi(x})), which implies
that x; < zj. Altogether, W = %", vz, <>, .y, = W, a contradiction.
Therefore, A < A. Then for all h # i, o(xp, yn(zr)) > ©(x}, yu(z),)), which
implies that x; > zj,. And by resource constraint, x; < z;, as required by
disability monotonicity. O

It follows from Proposition 1 and Theorems 1 and 2 that:

Corollary 1. Given a covering domain, a rule satisfies no-domination, sep-
arability, and resource monotonicity if and only if it is index-egalitarian.
When the covering domain s rich, a rule satisfies no-reversal, disability
monotonicity, separability, and resource monotonicity if and only if it is
index-egalitarian.





Appendix: Proof of Theorem 1

We prove Theorem 1 through an adaptation of the proof used by Moreno-
Ternero and Roemer (2006). Their solidarity axiom in the variable pop-
ulation model implies an invariance property in the reduced-population-
problem, known as “consistency”, which plays an essential role in their proof.
We cannot utilize the same proof since we consider a different solidarity ax-
iom formulated for the fixed population model.

Fix 5, € V. Given a rule F, for all @« € Ry, let E(a) be the set of
economies where an agent with 7, exists and any agent with y; receives «,
that is, £(a) = {e € &€ : for some i € N, y; = ¢, and for all j € N with
y; = U1, Fj(e) = a}. Let C(«) be the set of all resource-outcome pairs in all
economies in &(a), that is, C(a) = {(a,b) € R? : there is e € () such that
for some j € N, Fj(e) = a and y,(a) = b}.

Lemma 1. If F' satisfies no-domination and resource continuity, then for
ally € Y, all M C N, and all o € R, there exists W* € Ry such that

ZieM Fi(Z/? W*) = .

Proof. Let y € YV, M C N and o« > 0. Let W, € R, be such that
Wy < a. Since ),y Fi(y,Wi) = Wy and for all i € N, Fi(e) > 0, then
Yien Fily, Wh) < o

We next show that there is W5 > 0 such that >, . Fi(y,W2) > a.
Consider a sequence (W™: n € N) such that lim,_,,, W™ = oo. Since for
all n, >,y Fily, W") = W™, there is j € N such that (F;(y,W") : n €
N) is an unbounded sequence. Then, since y;(-) is an unbounded function,
(y;(F;(y,W™)) : n € N) is also an unbounded sequence.

We show that there is 7 such that )., Fi(y, W™) > a. Suppose by con-
tradiction that for all n € N, Y., Fi(y, W") < a. Since both (Fj(y, W") :
n € N) and (y;(F;(y, W")) : n € N) are unbounded, there is n such that
Yoien Fily, W) <o < F(y, W") and for all i € M, y;(a) < y;(Fj(y, W™)).
Hence for such n, foralli € M, F;(y, W") < o < F;(y, W") and y;(F;(y, W™))
yi(a) < y;(Fj(y, W™)), which contradicts no-domination.

Now let Wy = W7, Then ) .\, Fi(y,W2) > a. Since ) .., Fi(y, W) <
a < Y .on Fily, Wa), by resource continuity, there is W* € R, such that
>ien Fily, W) = o [

Lemma 2. Assume that F satisfies no-domination and agreement. For all
e = (y, W) and all three distinct i,j,k € N, there is ¢ = (y',W') such that
Yi = Yi» Y = Y = Yj, and Fi(€') = Fi(e) and Fj(e') = Fy(e') = Fj(e).

Proof. Let e = (y,W) and i, j, k are distinct. Let y' be such that y; = y;, y; =
Y, = y;- By Lemma 1, there is W’ such that F;(e') + Fj(e') = Fi(e) + Fj(e),
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where ¢/ = (y/,W’). By separability (implied by agreement), F;(e') = F;(e)
and Fj(e') = Fj(e). Since y; = y, = y;, then by no-domination, Fy(e') =
Fj(@). ]

We show that for all « > 0, C'(«) is downward sloping,.

Lemma 3. If F' satisfies no-domination and agreement, then C(«) is down-
ward sloping, that is, for all (a,b), (a',b') € C(«) with a < a’, we have b > V.

Proof. Assume that F' satisfies no-domination and agreement. To prove
that C'(«) is downward sloping, suppose, to the contrary, that for some
(a,b), (V) € Cla), a < a’ and b < /. By definition of C(«), there ex-
ist e = (y,W) € E(a) and € = (¥, W') € E(a) such that for some i,j € N
such that (a,b) = (Fi(e),yi(Fi(e))) and (a',0") = (Fj(¢'), y;(Fj(€'))). By
Lemma 2, we may let y; = 3, = y; and assume that 1,4, 7 are three distinct
agents. Note that Fi(e) = Fi(e') = a. Let g be such that g = v}y, 5
and Un\(1,ij} = YN\{1,i,j}- By Lemma 1, there is W such that Fi(é)+ Fi(ée) +
Fj(é) = Fi(¢) + Fi(¢) + Fj(¢'), where é = (4, W). By separability (implied
by agreement), F{“J}(A) F{lw}( e).

Let y” such that y;' = y;, yj =y, yi = 71 and for all h #4,5,1, y) = yn.
By Lemma 1, there is W” > 0 such that

Fi(e") + Fi(e") + Fi(e") =a+a+d, (1)

where e’ = (y”,W"). Suppose Fi(e") > «. By applying agreement to e and
e’, we get F( ") > a. Likewise, by applying agreement to é and e”, we get
F;(e") > d'. Altogether, Fi(e") 4+ F;(e") + F;(¢") > o+ a+ d/, contradicting
(1). Therefore Fi(e”) < a. Similarly, we can show Fj(e¢”) > a. Hence
Fi(e") = a.

Then by agreement, Fi(e"”) = a and Fj(e”) = o’. Finally, since (a,b) =
(Fi(e"), yi(e")) < (Fj(e"),yi(e")) = (@', V'), in violation of no-domination at
e’ O

Lemma 4. {C(a) : a € R, } is a collection of disjoint sets.

Proof. Let oy > ay. Suppose that (a,b) € C'(a;) N C(ag). Then there exist
= (y,W") and i € N such that y; = g, F1(e) = ay, and (F(e'), yi(Fi(e 1))) =
(a,b). By Lemma 1, there is W2 such that Fy(y, W?) = ay. Let e? = (y, W?).
By resource monotonicity, Fi(e') = a > Fj(e?), and so y;(Fj(e )) =b>
yi(Fi(e?)). Since (a,b) € C(as) and (Fj(e?),y;(Fi(€?))) € C(az), Clay) is
not downward sloping, contradicting the conclusion of Lemma 3. O]

The next lemma says, by varying a > 0, C'(«)’s can cover the positive
quadrant.
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Lemma 5. For all (a,b) € R2, U{(0,0)}, there is a unique a > 0 such that
(a,b) € C(a).

Proof. Let (a,b) € RY, U{(0,0)}. Since Y covers the positive quadrant,
there exist y € Y~ and i € N\{1} such that y;(a) = b and y,(-) = §1().
By Lemma 1, there exists W € R, such that F;(y,W) = a. By letting
a = Fi(y,W), we get (a,b) € C(a). Finally, the uniqueness of « is implied
by Lemma 4. O

The next lemma says that if a; > g, then C(ay) lies above C'(ay).

Lemma 6. If a1 > ay, then (i) for all (a,b) € C(ay) there exists (a’,b') €
C(ay) such that (a,b) < (a',V'), and (ii) there is no (a”,V") € C(ay) and
(a,b) € C(ay) such that (a”",0") > (a,b).

Proof. Fix oy > an. To prove (i), let (a,b) € C(az). Let e = (y, W) € E(an)
and i € N be such that y; = 91, Fi(e) = aq, and (Fj(e),y:(Fi(e))) = (a,b).
By Lemma 1, there is W’ such that Fi(y,W’) = ay. Since a; > ag, by
agreement, F;(y,W') > F;,(y,W') = a. Thus by letting o’ = F;(y, W’) and
b =y;(d), we get (a,b) < (a/,V) € C(ay).

To prove (ii), suppose by contradiction that there exist (a,b) € C(«y) and
(a",0") € C(ag) such that (a”,b"”) > (a,b). By (i), there is (a*,b*) € C(ay)
such that (a*,b*) > (a”,0"). Therefore, (a*,0*) > (a,b), which contradicts
that C'(ay) is downward sloping. O

The next lemma can be established from the above lemmas as in Moreno-
Ternero and Roemer (2006).

Lemma 7. Given a rule satisfying no-domination and resource monotonic-
ity, define ¢ : R2_,U{(0,0)} — Ry such that for all (a,b) € R, ¢(a,b) = «,
where a € Ry is such that (a,b) € C(«). Then ¢ is well-defined and is con-
tinuous, non-decreasing, inf{p(a,b) : (a,b) € R%2,} = (0,0) = 0, and for
all (a,b), (a',0') with a < a’and b <V, (a,b) < p(da’, V).

Now we are ready to prove Theorem 1.

Proof of Theorem 1. For all (a,b) € RZ_, U{(0,0)}, let ¢(a,b) = a, where o
is such that (a,b) € C(«). By Lemma 5, ¢(-) is well-defined. By Lemma 7,
p e d.

We now show that F(y,W) = E?(y,W) for all (y,W) € €. Let e =
(y, W) eé&.

If for some i € N, y; = 71, then by letting A = Fj(e), we have for all j € N,
(Fy(e),15(Fy(€))) € C(\). Therefore ;(Fy(e)) = p(F;(e), yy(Fy(e))) = A for
all j. Since } .y Fj(e) =W, F(e) = E¥(e).
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We now consider the case that there is no i € N with y; = ;. We
will show that there is unique o > 0 such that (Fy(e),yn(Frn(e))) € C(a)
for all h € N. Consider ¥ = (1,¥2,...,Yn). By Lemma 1, there is W’
such that ZheN\{l} F,(y,W'") = ZheN\{l} Fy(e). By separability (implied by
agreement), for all h € N\{1}, Fy(y/, W') = Fy(e). Hence for all h € N\{1},
(Fr(e),yn(Fr(e))) € C(a). Similarly, we can show that (Fi(e),yi(Fi(e))) €
C(a). Therefore, for all h € N, ¥ (Fr(e)) = o(Fr(e),yn(Fj(e))) = a and
F(e) = E¥(e). O
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