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Abstract

We propose a novel two-regime regression model where the switching between the
regimes is driven by a vector of possibly unobservable factors. When the factors are
latent, we estimate them by the principal component analysis of a panel data set. We
show that the optimization problem can be reformulated as mixed integer optimization
and present two alternative computational algorithms. We derive the asymptotic distri-
butions of the resulting estimators under the scheme that the threshold effect shrinks to
zero. In particular, we establish a phase transition that describes the effect of first stage
factor estimation as the cross-sectional dimension of panel data increases relative to the
time-series dimension. Moreover, we develop a consistent factor selection procedure with
a penalty term on the number of factors and present bootstrap methods for carrying out
inference and testing linearity with the aid of efficient computational algorithms. Finally,
we illustrate our methods via numerical studies.
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1 Introduction

In this paper, we consider a two-regime regression model. Suppose that the dependent

variable y; is generated from

yr = xyBo + 2180 1{ fiv0 > 0} + &, (1.1)
E(Et‘ft_l) = 0, t= 1, ces 771, (12)

where x; and f; are adapted to the filtration Fy_1, (5o,00,70) is a vector of unknown pa-
rameters, and the unobserved random variable ¢, satisfies the conditional mean restriction
in . We interpret that f; is a vector of factors determining regime switching. When
fivo > 0, the regression function becomes z;(8y + do); if f{yo < 0, it reduces to z;5,. We
allow for either observable or unobservable factors. For the latter, we assume that they can
be recovered from a panel data set. In light of this feature, we call the regression model in
(1.1) and a “factor-driven two-regime regression model”.

Our paper is closely related to the literature on threshold models with unknown change
points. See, e.g., Tong| (1990)), |Chan (1993), [Ling| (1999)), Hansen (2000), Seo and Linton
(2007) and |Seijo and Sen (2011), among many others. In the conventional threshold regression
model, an intercept term and a scalar observed random variable constitute f;. For instance,
Chan| (1993) and [Hansen (2000) studied the model in which 1{f{yo > 0} in is replaced
by 1{q: > 7o} for some observable scalar variable ¢; with a scalar unknown parameter 7. In
real-world problems, it might be controversial to choose which observed variable plays the
role of f;. For example, if the two different regimes represent the status of two environments
of the population, arguably it is difficult to assume that the change of the environment is
governed by just a single variable. On the contrary, our proposed model introduces a regime
change due to a single index of factors that can be “learned” from a potentially much larger

dataset. Specifically, we consider the framework of latent approximate factor models:
J}t:Aft—l—et,t:l,...,T, (13)

where ); is an N x 1 vector of observed variables that depends on the latent factors f; via
the factor loadings A. This allows us to model a regime switch based on a potentially large
number of covariates.

In view of the conditional mean restriction in , a natural strategy to estimate
(5o, 00,70) is to rely on least squares. A least squares estimator for our model brings new
challenges in terms of both computation and asymptotic theory. First of all, when the di-
mension of f; is larger than 2, it is computationally demanding to estimate (S, do,v0). We

overcome this difficulty by developing new computational algorithms based on the method



of mixed integer optimization (MIO). Specifically, we propose two alternative approaches
that complement each other. Thanks to the developments in MIO solution algorithms and
fast computing environments, the MIO has become increasingly used in recent applications.
Well-known numerical solvers such as CPLEX and Gurobi can be used to effectively solve
large-scale MIO problems. See, for example, Bertsimas, King, and Mazumder| (2016, Section
2.1) for discussions on computational advances in solving the MIO problems.

Second, we establish asymptotic properties of our proposed estimator by adopting a di-

minishing thresholding effect. That is, we assume that the coefficient jump size satisfies
0o =T~ %dy

for some unknown ¢ > 0 and unknown non-diminishing vector dy. We focus on the region
¢ € (0,1/2). However, our proposed method for carrying out inference does not require
knowing the value of ¢. The diminishing threshold has been one of the standard frameworks
in the change point literature, at least dated back to Hawkins, Gallant, and Fuller (1986
followed by many works, e.g., Bai (1994); Horvath and Kokoszka| (1997). Note that the
asymptotic theory for the estimated dp under the diminishing jump setting is fundamentally
different from the fixed jump setting: the former is determined by a Gaussian process (e.g.,
Hansen (2000))), the latter is by a compound poison process (e.g., Chan| (1993)). While
both settings lead to important asymptotic implications, we focus on the diminishing setting
because when the factors are estimated, there is a new and interesting phase transition
phenomenon that smoothly appears in the “bias” term of the Gaussian process. The phase
transition characterizes the continuous change of the asymptotic distribution as the precision
of the estimated factors increases relative to the size of the jump, which we shall detail below.

When the factors f; are latent, we estimate it using principal component analysis (PCA)
from a potentially much larger dataset, whose dimension is N. It turns out that the asymp-
totic distribution for the estimator of ag = (5, d()’ is identical to that when -y were known
regardless of factors are directly observable or not; therefore, the estimator of ag enjoys an
oracle property.

The issue is more sophisticated for the distribution of the estimator of v5. When factors

are directly observable, we prove that

V22 (5 — 7o) ~ argmin B(g) + 2W (g).
9g€eg
where B(g) represents a “drift function” of the criterion function, which is linear with a kink
at zero, W(g) is a mean-zero Gaussian process and G is a rescaled parameter space. However,
when factors are not directly observable, the estimation error from the PCA plays an essential

role and may slow down the rates of convergence, depending on the relation between N and



T. Specifically, we show that

((VT1=20) VAT =20) (5 0) 5 armmin A, 9) +21W (g),
ge

with a new drift function A (w,g) that depends on w = lim v NT~(1=2¢) € [0,00]. On one
hand, when w = oo, we have that A(w,g) = B(g), so the limiting distribution becomes the
same as if the factors were observable. This case corresponds to the super-consistency rate
as in |Hansen| (2000). On the other hand, when w = 0, it turns out that A (w, g) is quadratic
in g, corresponding to a cube root rate similar to the maximum score estimator Kim and
Pollard| (1990)). Furthermore, both the drift function and the resulting rates of convergence
have continuous transitions as w changes between 0 and co. Therefore, one of our key findings
for the estimator of g is the occurrence of a phase transition from a weak-oracle limiting
distribution to a semi-strong oracle one and then to a strong oracle one as w increases.

As the asymptotic distribution of 7 is non-pivotal, we propose a wild bootstrap for in-
ference of «y. Importantly, we construct bootstrap confidence intervals for ~y that do not
require knowledge of ¢. This facilitates applications in which the jump diminishing speed
is not known in advance. We also consider testing for linearity Hg : 69 = 0, where under
the null, there is no threshold effect in the regression model. Finally, we also propose an
fo-penalized consistent factor selection procedure to select the active factors in the case of
observed factors.

The phenomenon that both the rate of convergence and the asymptotic distribution de-
pend on an unknown parameter ¢ has been previously documented by McKeague and Sen
(2010). They studied a “point impact” linear model, where the identification and estimation
of g is affected by an unknown slope §y. While specifically assuming dy # 0, they encoun-
tered a similar parameter @, reflecting the difficulty of estimating . Similar to our results,
they obtained an asymptotic distribution as the argmin of a drifting Gaussian process. While
in a different setting, they did not investigate the problem of estimating unknown factors.

Allowing the regime changes to be determined by a vector of (possibly latent) factors is
motivated by many statistical applications where the regime changes may depend on many
covariates. For instance, Auerbach and Gorodnichenko| (2012)) and Ramey and Zubairy| (2018)
investigated whether the US economy responded differently to fiscal policy shocks during
recessions. We propose a systematic approach by estimating the change in the business cycle
or economic slack using a vector of factors with unknown parameters.

The remainder of the paper is organized as follows. In Section |2 we propose the least
squares estimator and two complementary algorithms to compute the proposed estimator.
In Section [3] we establish asymptotic theory when f; is directly observed. In Section [ we

propose a variable selection procedure for active factors and prove its consistency. In Section



[l we consider estimation when f; is a vector of latent factors, propose two-step estimators
via the method of principal components, and analyze asymptotic properties of our proposed
estimators. In Section [6] we consider inference and focus on testing the linearity of the
regression model in (1.1)). Section [7] gives the results of Monte Carlo experiments. In Section
we illustrate our methods by applying them to threshold autoregressive models of US GNP
and unemploymentﬂ Section |§| concludes and the online appendices provides details that are

omitted from the main text.

1.1 Notation

The sample size is denoted by 1" and the transpose of a matrix is denoted by a prime. The true
parameter is denoted by the subscript 0, whereas a generic element is without the subscript.
For example, 7 is an element of the parameter space I' and ~g is the true parameter. The
Euclidean norm is denoted by | - |2, the Frobenius norm of a matrix is denoted by | - |, the
spectral norm of a matrix is denoted by | - |2, and the fy-norm is denoted by |- |o. For a
generic random variable or vector z, let its density function be denoted by p,,. Similarly,
let pyt|xt(y) denote the conditional density of y; given x; for the random vectors y; and x;.

Abbreviation a.s. refers to almost surely.

2 Least Squares Estimator via Mixed Integer Optimization

We make the convention that the constant 1 is the first element of z; and —1 is the last
element of f;. Define Z;(vy) = (z}, z;1{f/v > 0}) and a = (5',¢"). Then, we can rewrite the

model as

yr = Z; (o) o + et

Note that since only the sign of the index f/~y determines the regime switching, the scale of
Y0 is not identifiable. We assume the first element of vy equals 1. Let d, and d; denote the

dimensions of z; and f;, respectively.

Assumption 1 (Parameter Space). ag € R?% and 9 € T' = {(1,7)" : 72 € T2}, where
'y € R4 4s a compact set.

In view of the conditional mean zero restriction in ((1.2), it is natural to impose conditions

under which both «g and g are identified by the Ls-loss. Introduce the excess loss

R(e,y) = E(ye — 218 — 2j01{fyy > 0})* = E(y — 2380 — 23001{ {0 > 0})*. (2.1)

IThe replication R codes for both the Monte Carlo experiments and empirical applications are available at
https://github.com/yshinl2/fadtwol



https://github.com/yshin12/fadtwo

Note that R (ag,70) = 0. In order to establish that R (ag,v0) > 0 whenever (a,7y) # (a0, Y0),

we make the following regularity conditions.

Assumption 2 (Identification). (ag,~() is the unique solution to

. , , , )
(a’,w’)’nélﬂ%dac xFE(yt = 28 — 201{fiy > 0})
and
inf R(a,7) >0

{(a’ ') eR2dz xT:|(o ') = (e, 7p) [2>€}
for any € > 0.

In Appendix [A] we establish sufficient conditions for Assumption

We now propose the least squares estimator and two complementary algorithms to com-
pute the proposed estimator. For the computational purpose, we assume that a € A C R?%=
for some known compact set A. In practice, one can take a large 2d,-dimensional hyperrect-
angle so that the resulting estimator is not on the boundary of A.

The unknown parameters can be estimated by the least squares:

a.7) = in  Sr(a, 2.2
(@,7) = arg i ST (a,7) (22)
L T
. . /
subject to: 1 < T tz; H{fiy >0} <, (2.3)
where

1 I
St (o, y) = T > (g — 2B — @}01{ fiv > 0})°. (2.4)

t=1

We assume that the restriction is satisfied when v = 7 almost surely. Here 0 < 7 <
To < 1 for some predetermined 71 and 7o (e.g. 71 = 0.05 and 75 = 0.95). In the special case
that 1{f{v > 0} = 1{q: > Fo} with a scalar variable ¢ and a parameter 7y, it is standard
to assume that the parameter space for 7y is between the 7 and (1 — 7) quantiles of ¢; for
some known 0 < 7 < 1. We can interpret as a natural generalization of this type of
restriction so that the proportion of one regime is never too close to 0 or 1.

When 7 is of high dimension, the naive grid search would not work well. We overcome this
computational difficulty by replacing the naive grid search with mixed integer optimization
(MIO)E| We present two alternative classes of MIO algorithms below.

ZBai and Perron| (2003) developed an efficient algorithm for detecting multiple breaks using dynamic pro-
gramming and showed that it could be adapted to a threshold model with a scalar threshold variable. It
does not seem immediate to develop an algorithm based on dynamic programming for our purpose. In a
different context, |Qu and Tkachenko| (2017)) adopted a global optimization approach to studying identification
in log-linearized dynamic stochastic general equilibrium models. However, their approach may not be readily
available in our setup since our objective function is non-smooth.



2.1 A Joint Approach

Our first algorithm is based on mixed integer quadratic programming (MIQP), which jointly
estimates («,) and is guaranteed to obtain a global solution once it is found. To write the
original least squares problem in MIQP, we introduce d; = 1{f/y > 0}, and ¢;; = d;d; for
j=1,...,ds,t = 1,...,T, where §; denote the j-th element of . Then the least squares

objective function can be rewritten as

2
T

d
1 xT
T Z yr — 13 — Z zilis | s (2.5)
t=1 j=1
which is a quadratic function and minimized with respect to

Q = (/87 (5, dl, e ,dT7£1717 "'7£dm,T)’

subject to ¢;; = d;d; for all (j,t) and additional constraints to be presented below. Observe
that adds new integer variables dy, ..., dp, each taking value in {0, 1}.

The goal is to introduce only linear constraints with respect to €2, and reach an MIQP
that is equivalent to the original least squares problem, so that we can apply modern MIO
packages (e.g. Gurobi) to solve MIQP. First note that the assumption a € A implies that
there exist known upper and lower bounds for 4;: L; < ¢; < Uj;. In addition, to make sure
that ¢;; = d;d; for each j and t, impose two additional restrictions: d;L; < ¢;; < diU; and
Lij(1—d) <6;—4;; <U;j(1—dy). It is then straightforward to check these constraints imply

;= 6;d;. To introduce another key constraint, define
M; = max|f]
t o | fi]

for each t = 1,...,T, where I' is the parameter space for v9. One can compute M, easily
for each t using linear programming. We store them as inputs to our algorithm. The follow-
ing new constraints ensure that the reformulated problem (2.5 is the same as the original

problem:
(dt — 1)(Mt + 6) < f;’)/ < dtMt,

where € > 0 is a small predetermined constant (e.g. ¢ = 107%). The following defines an

algorithm for joint estimation.

[Joint Optimization] Let d = (di,...,dr) and £ = {{;; : j = 1,...,dy,t = 1,...,T},



where ¢, ; is a real-valued variable. Solve the following problem:

2

T d
: 1 / v
50,0 Q6.8 =7 ; Y — @ = ; 25l (2.6)
subject to
(8,0) e A, v €T,
Lj < 5]' < Uj,
(de = )(My + €) < fiy < diMy,

dt € {07 1}7
diLj <ty < dUj,
Li(1—dy) <8 — L <U;(1—dy),

L L
T1ST;dtST2

(2.7)

foreacht=1,...,T and each j =1,...,d,, where 0 < 71 < 70 < 1.

Our proposed algorithm is mathematically equivalent to the original least squares problem
(2.2)) subject to (2.3) in terms of values of objective functions. Formally, we state it as the

following theorem.

Theorem 2.1. Let (&,7) denote a solution to the joint optimization problem using MIQP
described above. For alle > 0, St (a,7) = St (@,7), where (@, 7) is a solution to (2.2)) subject

to .

The proposed algorithm in Section may run slowly when the dimension d, of x; is
large. To mitigate this problem, we reformulate the joint optimization in Appendix [B:2] and
use the alternative formulation in our numerical work; however, we present a simpler form

here to help readers follow our basic ideas more easily.

2.2 An Iterative Approach

While the MIQP jointly estimates («,) and aims at obtaining a global solution, it may not
compute as fast as necessary in large scale problems. To mitigate the issue of scalibility, we
introduce a faster alternative approach based on mixed integer linear programming (MILP),
whose objective function is linear in d;. The algorithm solves for « and ~ iteratively, starting

with an initial value that can be obtained through a crude grid search. At step k, given a* !



that is obtained in the previous step, we estimate v by solving

min

- N 2
Leripin Y — mgﬂk_l — x%ék_ldo (2.8)

H
1M
/N

subject to similar constraints as in the joint approach. The following defines an algorithm

for the iterative estimation.

[Iterative Estimation]

1. (Grid Construction) Construct a grid, say I'r = {v;}/-%, of T, such that maxecp min; [y — ;| —

Das T — oo.

Jj=D

2. (Initial Joint Estimation) For the given grid I'r, obtain the initial estimate

T

0 ~ .1
(@7%) = argmin 3" (e~ Z () 0)”

3. Iterate the following steps (a)-(c), beginning with k£ = 1 and terminating at a prespec-
ified number k = K.

(a) For the given @*~!, obtain an estimate ¥ via the mixed integer linear optimization
algorithm
T
Z { ISIY2 oy, — x;,e’f—l)x;(s’f—l} dy (2.9)
’YEF d17 7 t=1
subject to

(dt — 1)(Mt + E) < ft/’7 S dtMt,
d; € {0,1} foreacht=1,...,T,

L 7
TISthldtSTQ-

(2.10)

(b) For the given 3%, obtain

1 <& '
7% () % ()
t=1

(c) Let k=Fk+ 1.




Note that the least squares problem is equivalent to due to the fact that d? = d;.
Therefore, the objective function in is linear in d;.

The iterative approach is generally faster than the joint approach since first, it is easier
to solve an MILP problem than to solve an MIQP problem and second, a* has an explicit
solution. We also note that the specification of I'p in step 1 for the initial grid search can be
crude. Our theoretical study shows that the algorithm works well as long as the initial value
is consistent for 9. Theorem provides weak conditions on the grid I'y and k£ under which
the algorithm produces asymptotically equivalent solutions to the joint approach after only
a few iterations. More specifically, when factors are known, k& = 1 is sufficient; when factors

are unknown and estimated, k = 2 iterations would suffice.

3 Asymptotic Properties with Known Factors

We split asymptotic properties of the estimator into two cases of known and unknown factors.
In this section, we consider the former.

Assumption 3. (i) {xy, fi,et} is a sequence of strictly stationary, ergodic, and p-mizing

random vectors with Y >, p71n/2 < oo, E \azté < 00, and there exists a constant C' < 0o

such that E <\xt]§ |fiy = O) < C and E (¢} fly =0) < C for ally €T.

(ii) {e¢} is a martingale difference sequence, that is, E (e;|Fi—1) = 0, where x; and f; are
adapted to the filtration Fi_1.

(iti) The smallest eigenvalue of E [Zy () Zy (v)'] is bounded away from zero for all v € T.

Assumption 4 (Diminishing jump). (i) For some 0 < ¢ < 1/2 and dy # 0, assume
oo = do T~ %.

(i) The conditional density py, s, (u) of wi == f{vo given fa, E (mgdo)Q | fot, ur = u| and

E (stl‘gdof | for, up = u} are continuous and bounded away from zero at w =0 a.s.
(i) For some M < oo, inf), 1 E (|f3r| 1{|fatly < M}) > 0.

Most of conditions in Assumptions [3| and [4] are a natural extension of the standard con-
ditions in the literature. See e.g. Hansen| (2000) when f; = (¢, —1)’ for a scalar random
variable. A few conditions merit comments. In particular, Assumption is a rank condi-
tion on f9 due to the vector of threshold parameter to be estimated and it is in terms of the
first moment because of the asymptotic linear approximation of criterion function near ~g. It
also allows for discrete variables in fo;. Observe that the condition that E (|:L't|§ |fiy = 0) <C
for all v € I' does not necessarily imply that E \:Bt|3 < oo since the conditional expectation
in the former is restricted to the event f/y = 0. Assumption ensures the presence of a

jump, not just a kink at the change point.



Theorem 3.1. Let G := {g € RY : gy = 0}. Let Assumptions @, @ and hold. Assume
further that ag is in the interior of A and 7o is in the interior of I'. In addition, let W denote

a mean-zero Gaussian process whose covariance kernel is given by

H (s,g):= %E [(stﬂb‘%do)2 (|fig] + | fis| = | fi (g — S)mefzt(o)] : (3.1)

Then, the following results hold.

(ii)) As T — oo, for the estimators & and 7 obtained via the joint approach, we have that

VT(@ — ag) ~5 N (0, (EZi(0) Zi(70)') " var(Zi(v0)) (EZ: (0) Ze(10)) ),

T2 (3 — y0) -5 argerrglinE [(wédo)2 | £19] Duss o (0)} +2W (g),
g

where T(a — ag) and T' 29 (5 — 7o) are asymptotically independent.

(ii) The iterative estimators, a* and 7%, have the identical asymptotic distribution as (Q,7),
for any finite k > 1, provided that the grid T'r = {~; };":Tl of I' satisfies maxer min; [y — v;| —
0asT — .

The proof of Theorem is given in Appendix [C] along with proofs of consistency and
rates of convergence. Note that the normalization scheme is embedded in the asymptotic
distribution. Since v; = 1, the minimum in the limit is taken after fixing the first element
of g at zero (recall that G = {g € R% : g; = 0}). Also note that in the scalar threshold
case that f; = (q;, —1) and vo = (1,7)’, the limiting Gaussian process W (g) becomes the

two-sided Brownian motion, previously documented by Hansen| (2000]).

4 Selecting Relevant Factors

We consider factor selection with known factors. In applications, it is often difficult to have
a priori knowledge regarding which variables constitute f; in . Suppose that there are a
mildly large number of factors; however, we are willing to assume that only a small number
of factors are active (i.e. their v coefficients are non-zero), although we do not know their
identities. This is an unordered combinatorial selection problem, but can be easily adopted
in the {y-penalization framework with the help of MIO, so long as the number of candidate
factors is fixed (Bertsimas, King, and Mazumder| (2016))).

To be specific, decompose fi = (f1;, f4, —1)'E| and v = (v],7%,73)". Assume that fy; is
known to be active for certainty, but fo; may or may not be active. Let p = |fat]p. Suppose

that each element of ~, is bounded between known values of 72 and 72. Let 79, denote the

3For this section only, we use fo; excluding —1. This is to reflect our setup where the constant term —1 is
always included among active factors.

10



j-th element of o, where j = 1,...,p. Assume further that we know the lower and upper
bounds, say p and p, of the number of active elements of 2. A default choice of (p,p) is p =0
and p = p; however, a strictly smaller choice of p might help estimation in practice when p
is relatively large and it is plausible to assume that the maximal number of factors is much
less than p.
For a given penalty parameter A > 0, define
1 d 2
~ . . / / /
= arg min min — — a0 — 2,01 >0 + Alvlo
Y g Ter T ; (yt i t {ft’Y }) ol (4.1)
subject to ([2.3)).

Computation of 7 can be formulated using the following optimization.

[Joint Optimization with Factor Selection] In additiontodand £, lete = (ey,...,¢ep)"
Choose a penalty parameter A > 0. Then solve the following problem:

2
T P
i ~ 1
min Qr(3,8)= 5> | w—218-D wjlin | +AD_ em (4.2)
m=1

’67 7d7e’ T
Promdte =1 =1

subject to (2.7]) and
emY2 < Y2m < em2,
p
pP< Y em <P (4.3)
m=1
em € {0,1} for each m=1,...,p.

Finally, re-estimate the model using only selected factors via the method given in Section

21

The new indicator variable e, turns on and off the m-th factor in estimation. The
complexity of the regression model is penalized by the ¢y norm (>°F _,e,). We provide
selection consistency below. In Appendix we provide a factor selection procedure when

parameters are estimated based on an iterative approach.

Theorem 4.1. Let S (y) = {j :7; #0} and Sy = S (). Let Assumptions [1], [4 [ and[{]
hold. Suppose that A — 0, XT' — oo, and p is fized. Then,

P{S () = So} — 1.

11



In the paper, we consider active factor selection only for observed factors. When factors
are unobservable but estimated via the PCA, interpretation of each estimated factor is more
involved since factors are identified only up to some random rotation. Furthermore, we
assume the number of observed factors to be fixed. When the regime switching is driven by
high-dimensional variables, we suggest a factor model framework, and consider the unknown

factor case as in the next section.

5 Estimation with Unobserved Factors

In this section, we consider the case that the factors are estimated. This is motivated by
applications where the switching is determined by a large number of variables (N) that are

determined by latent factors.

5.1 The Model

Consider the following factor model:
yt:Aglt+et7 tZlv"'7T7 (51)

where ), is an N x 1 vector of time series, A is an N x K matrix of factor loadings, g1 is
a K x 1 vector of common factors, and e; is an N x 1 vector of idiosyncratic components.
Throughout this section, we make it explicit that there is a constant term in the factors and
replace the regression model in with

vt = 7} P0 + 2100 1{gipo > 0} + &4, (5.2)

where ¢; = (g};, —1)" is a vector of unknown factors in plus a constant term (—1) and
¢o is a vector of unknown parameters. In addition, we allow g1; to contain lagged (dynamic)
factors, but we treat them as static factors and estimate them using the PCA without losing
the validity of the estimated factors. Likewise, g; can embed the threshold structure as in
our equation for y;.

It is well known that g; is identifiable and estimable by the PCA up to an invertible
matrix transformation, say H/.g:, whose exact form will be given in Section Therefore, it
is customary in the literature (see, e.g., Bai (2003) and Bai and Ng| (2006))) to treat H/.g: as a
centering object in the limiting distribution of estimated factors. Following this convention,

in this section, let

fe:=Hprg and ~o:=Hp ¢o. (5.3)

12



Using the fact that gj¢o = f[70, we can rewrite ((5.2]) as the original formulation in (I.1)):

v = 2300 + 2300 1{ fly0 > 0} + &;.

Hence, in this section, vy depends on the sample, but we suppress dependence on T for the

sake of notational simplicity.

5.2 Two-Step Estimation

Our estimation procedure now consists of two steps: in the first step, a (K + 1) x 1 vector
of estimated factors and the constant term, say ﬁ, are obtained by the method of principal
components. In the second step, unknown parameters (g, yp) are estimated with ﬁ as inputs.

To describe estimated factors, let ) be the T" x N matrix whose t-th row is yg. Let
(fll,...,flT) be the K x T matrix, whose rows are K eigenvectors (multiplied by +/T)
associated with the largest K eigenvalues of Y)'/NT in decreasing order. In the second

step, the unknown parameters are estimated by

(Oéa;y\) = argmin gT (O[f‘)/)
(o’ ,y')'€R2da xT'
1N~
subject to: 7 < T ;1 H{fly >0} <,

where

1

T
720

> (e — 2B — 2,1{ f{v > 0}) (5-4)

t=1

Sr (a,7y) =

and ft = (ﬂt, —1)". Recall that we fix the normalization by Assumption [} that is, the first
element of v is fixed at 1E| The algorithm for computing (&, %) is the same as in Section

5.3 Regularity Conditions

We introduce assumptions needed for asymptotic results with estimated factors. We first

replace Assumptions with the following assumption. Define

Op :={¢: ¢ = Hpy for some v € I'.}, (5.5)

4One caveat of this normalization scheme is that the sign of the first element of f; may not be the same
as that of the first element of g; due to random rotation Hr; however, if we assume that §o # 0 and we also
know the sign of one of non-zero coefficients of o, we can determine the sign of the first element of f; after
estimating the model. This is a “labelling” problem that is common in models with hidden regimes. For
simplicity, we assume that the first element of v is 1.

13



where I'¢ is an e-enlargement of FE The space &7 for ¢ is defined through H7 and excludes

the case that g;¢ is degenerate. The e-enlargement of T" is needed since the factors are latent.

Assumption 5. (i) Assumptions @ and hold after replacing f; and vo with g, and
¢g, respectively.

(ii) {xt, gi,er, €1} is a sequence of strictly stationary, ergodic, and p-mizing random vectors
with > 7, ,0717{2 < o0, and there exists a constant C' < oo such that E(|z3 g, e:) < C,

E(f|gs, e)) < C a.s., and gi¢ has a density that is continuous and bounded by C' for all
¢ € Op.

Recall that in Assumption we have assumed that there exists a constant C' such that
E <|azt|§ |fiy = 0) < C and E (f|f/y = 0) < C for all v € . We strengthen this assumption
to Assumption that requires that the 8th moments of |z¢|, and &; be almost surely
bounded conditional on g; and e;.

The following assumption is standard in the literature. In particular, we allow weak serial

correlation among e;.

Assumption 6. (i) limy_,c0 %A’A = XA for some K x K matriz X5, whose eigenvalues

are bounded away from both zero and infinity.
g : 1/2 / \w1/2 L
(ii) The eigenvalues of ¥\ “E(girg1,)X) " are distinct.

(iii) All the eigenvalues of the N x N covariance var(e;) are bounded away from both zero

and infinity.
(ZU) For any t; % ZST:1 sz\il ‘Eeiteis’ < Co fOT some Co > 0.
Define A, to be the i-th row of A, so that A = (Aq, ..., An)". Define

N
> (eiseir — Eeiseir),

=1

T
T Z Z g1s(eiseir — Eejseir),

fs,t =

.

- -

VI'N =5
1 T N
e grei\;,
VT 2 e
LN
= — it it -
Ct \/N; A

We require the following additional exponential-tail conditions.

®Note that ¢ cannot be a vector whose first K elements are zeros due to the normalization on ~ and the
block diagonal structure of Hr that will be defined in (5.8).
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Assumption 7 (Weak cross-sectional correlations and exponential-tails). There exist finite,

positive constants C,Cy and c1 such that for any x > 0,
P(jw|a > x) < Cexp(—Crx),

where @ € Z 1= {eit, g1t, §s,t5 G, vec(y), me -

These conditions impose exponential tail conditions on various terms. To explain this
assumption, first note that it requires weak cross-sectional correlations among e;;. This as-
sumption can be verified under some low-level conditions, such as the a-mixing condition of
the type of Merlevede, Peligrad, and Rio (2011]) across both (7,¢) and individual exponential-
tailed distributions on {e;, g:}. While the quantities in = are often assumed to have finite
moments in the high-dimensional factor model literature, these moment bounds would no
longer be sufficient in the current context. Instead, exponential-type probability bounds are
more useful for us to characterize the effect of the estimated factors. To understand this,
note that under the regularity conditions in this section, we have the following asymptotic

expansion:

J}; :ﬁ+7'ta J?t = H/T(gt‘i‘\/l]vht)a (5.6)

where r; is a remainder term,

H,. 0 Rt 1 1
H = r ,  hy = . hi = (=AA) T —=Ne, 5.7
! (0 1) t <0> S e o0

and the exact form of Hp is given below in (5.8). The diagonality in Hp and the zero

element in h; reflect the inclusion of the constant in ft We establish the following uniform

approximation result: uniformly for v over a compact set,
(log T)*

7 7
max |P(fiy > 0) = P(fyy > 0)‘ <0 <T ) +maxP <\m >C

for some constants C, ¢ > 0. The above exponential-tail assumption then enables us to derive
a sharp bound so that max;<7 P(|r¢| > C(log T)°T 1) is asymptotically negligible.

Next, we state important technical conditions to facilitate the local asymptotic expansion
of the least squares criterion function. A key technical challenge in the analysis is that not
even the expected criterion function is smooth with respect to the factors. As such, we

introduce some conditional density conditions to study the effect of estimating factors:

Hyphy = VN(fi = ),
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whose expression is given in (5.7). Let Z; be a sequence of Gaussian random variables whose

conditional distribution given x; and g¢; is N (0, G}ZL’% g,) With
o} := plim E[(h}é0)?|z¢, g¢]
hae,ge - P tP0 t) gt|-
N—o00

Assumption 8. (i) As N — oo, sup,, ,, |P(hido < Olzs, g¢) — 5| = O(N~2).

(i) There are positive constants ¢ and C' such that
sup sup ph2¢0|gt7m(z) < C,
Te,9t |z|<c
sup sup ‘ph£¢o|gt,xt (Z) _pZt‘gt,l't(Z)’ = 0(1)

Tt,9t |z|<c

(iii) For some co > 0, o7 voge > €0 Q.S

Assumption [8| is concerned with the asymptotic behavior of the distribution of h; as
N — co. The rate N~%2 in Assumption is a reminiscent of the Berry-Essen theorem.

The Edgeworth expansion of sample means at zero yields that the approximation error is

CN~1/2 where the universal constant C' depends on the moments of the summand up to
the third order (Hall, 1992). Thus, condition |(i)| holds for a broad range of setups including
heteroskedastic errors e;¢. For instance, if the idiosyncratic error has the form e;; = o (g¢) &it,
where g, and &;; are two independent sequences and {{;;} is an i.i.d. sequence across i, then
the condition is satisfied as long as both o (g;)* and E|€;|> are bounded. Furthermore, it
holds trivially if the conditional distribution of hi¢g given x; and g; is symmetric around zero
or more generally if its median is zero. Assumption [§| ensures among other things that for
some function ¥(-) such that E|¥(xy, g¢)| < o0,

E | U(zt, gt) (1{h1¢o < 0} — 1{Z; < 0})

JUtagt:| = O(N~'?).

Above all, since h; is a cross-sectional average multiplied by /N, this assumption can be
verified by a cross-sectional central limit theorem (CLT), if {e; : ¢ < N} satisfies some
cross-sectional mixing condition.

In the next assumption, recall that by the identification condition, we can write v =
(1,72), where 1 is the first element of 7. Correspondingly, let fo; and fgt be the subvectors
of f, and f,, excluding their first elements. Also, let u; := gid0 = flvo and §; := g¢ + hy/V/'N.

Assumption 9. There exist positive constants ¢, co, My and M such that the following holds

almost surely:

(i) inf|“|<cpﬁ’wo\f2t,xt (u) > co and SUD)| f1,< My Dol (f) < M.
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(1) I0f |y < Puy| for,he,ze (W) = co- For all lui| < e, |ug| <e,
|put‘h2(f)0,f2t,:l‘t (ul) - put‘h{td}o,fgt,mt (U2)| S M‘Ul - UQ N

(iii) inf 1 E [ forF1{] facle < Mo}] = co for k = 1,2
(Z'U) SUP|r|y=1 SUP|u|<c Pgjr|h: (U) <M.

(v) Each of infyca, |10, infyea, |9:0], SuPyea, |hidl, and Gido has a density function
bounded and continuous at zero, where ®r is defined in (5.D)).

(vi) E (:L‘gdo)2 |gt, ht} s bounded above by My and below by cy.

(vii) For any s and w that are linearly independent of ¢o, E ((e:x)do)?|gid0 = u, g5, gw)
and ng¢0|§gs,ggw(u) are continuously differentiable at uw = 0 with bounded derivatives.

Furthermore, E <(6t:1:,’5d0)4 \gt@ \gtqﬁO) < M.

These conditions control the local characteristics of the centered least squares criterion
function near the true parameter value. Since the model is perturbed by the error in the
estimated factors, the centered criterion is a drifting sequence ﬁ Its leading term changes
depending on whether N = O(T?7%%) or not. The lower bounds in the above assumption are
part of rank conditions that ensure that the leading terms are well-defined. As a result, it
entails a phase transition on the distribution of 5. Since they are rather technical, we provide
a more detailed discussion on Assumption [J]in Appendix

5.4 Rates of Convergence

The following theorem presents the rates of convergence for the estimators.

Theorem 5.1. Let Assumptions @-@ hold. Suppose T'= O(N). Then

and

5 =0 1 n 1

Theorem establishes conditions under which & converges to ag at the rate of 1/vT
and 7 converges to g at different rates, depending on how N diverges to infinity relative to
T. The convergence rate of ¥ merits further explanation. First of all, when N is relatively

large so that 727 = 0 (N), 5 converges in probability to 7o at a super-consistent rate of
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T-(-2%) Contrary to this case, when N is relatively small in the sense that N = o(T?~%%),

the estimated threshold parameter has a cube root rate:

~ 1
7 —7l2 < Op (W) ;

which is similar to that of the maximum score type estimators (Kim and Pollard (1990)).
Therefore, as VN /T1=2% varies in [0, 00], the rate of convergence varies between the super-
consistency rate of the usual threshold models to the cube root rate of the maximum score
type estimators. Furthermore, the convergence rates exhibit a continuous transition from one
to the other.

To explain this continuous transition phenomenon, we can show that uniformly in («,7),
the objective function has the following expansion: there are functions R;(-) and Ra(-, ) such

that
ST <a7 PY) - ST (040’ 70) = R1(7> + RQ(CY, 7)

Here R;(7y) is a non-stochastic function, representing the “mean” of the loss function, but is
also highly non-smooth with respect to v. A key step is to derive a sharp lower bound for
Ri(y). When N is relatively large, the effect of estimating latent factors is negligible, and

Ri(7) has a high degree of non-smoothness. Similar to the usual threshold model, we have
Ri(y) = CT |y —~0l2 — Op(T 7).

This lower bound leads to a super-consistency rate. On the other hand, when N is relatively
small, there are extra noises arising from the cross-sectional idiosyncratic errors when esti-
mating the latent factors, which we call “cross-sectional noises”. A remarkable feature of our
model is that the cross-sectional noises help smooth the objective function in this case. As a
result, the behavior of Ry(7y) is similar to that of the maximum score type estimators, where

a quadratic lower bound can be derived:
Ri(y) > CT2*VN|y — 0[3 — Op(T"2N°/%).

The quadratic lower bound together with a larger error rate then leads to a cube root rate

type of convergence. See Section in the appendix for more details.
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5.5 Consistency of Regime-Classification
We introduce an error rate in (in-sample) regime-classification:

T

ﬁT:%le{ﬁ/’?>0}—1{ft”m>0}‘.

Here, the true regime indicator is estimated by 1 {f;’fy\ > 0}. The uncertainty about the

regime classification comes from either ﬁ or 4 or both. We establish its convergence rate in

the following theorem.

Theorem 5.2. Let Assumptions @-@ hold. Suppose T'= O(N). Then
ﬁT _ OP ((NTI—QLp)—l/v?) + T—1+2§0 + N—1/2> )

This is a useful corollary of the derivation of the rates of convergence for the threshold
estimator. We expect an excellent performance of our regime classification rule even with a

moderate size of T'.

5.6 Asymptotic Distribution

To describe the asymptotic distribution, we introduce additional notation. Let V; denote the

K x K diagonal matrix whose elements are the K largest eigenvalues of Y)’/NT. Define

1

T
~ ~ 1 ~
H = VT’lefltgitﬁA’A, Hp := diag(Hr,1), and H := plim Hr, (5.8)

t=1 T,N—oo

where H is well defined, following Bai (2003). Let

. : N , 1/3 . -1/3
wi= Mmoo € 00e) Gor=max{w,w'?), and M, = max{1,w ),

Define, for u; = f{70,

Alwng) = ME (o) (g + 21| - |21

up = 0} Pu, (0)

for w € (0, 00], with the convention that 1/w = 0 for w = oo, and

A(0.g) = E[<x;do>2<fzg>2

u=0,2 = 0] Puy, 2 (07 O)
for w = 0. Recall Z;(v) := (a}, z;1{f{y > 0})".
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Theorem 5.3. Let Assumptions @-@ hold. Suppose T = O(N). Let G := {0} x RE. In
addition, let W denote the same Gaussian process as in Theorem . Then, (i) for the joint

estimators, as N, T — oo,

V(@ = ag) <5 N (0, (EZu(30) Zi(20))) " E (Z(10)Zi(0)'e}) (EZi(20)Ze(0)') )

((VT1=20) P ATI=20) (5 0) 5 awmmin A . 9) + 21V (g),
ge

and VT (@ —ap) and <(NT1_29") Y3 A Tl_Q“’) (¥ —0) are asymptotically independent. More-
over,
A(0,9) = lim A(w,g).
w—0

(i) The iterative estimators, a* and 7%, have the identical asymptotic distribution as (Q,7),
for any finite k > 2, provided that the grid T'r = {~; };”:Tl of I satisfies maxyer minj |y — ;| —
0 asT — oo.

In the literature, Bai and Ng| (2006, 2008) have shown that the oracle property (with
regard to the estimation of the factors) holds for the linear regression if TY/2 = o (N) and
for the extremum estimation if 75/% = o (N), in the presence of estimated factors. Thus, it
appears that the oracle property demands a larger N as the nonlinearity of the estimating
equation rises. In view of this, we regard our condition, T'= O(NN), not too stringent since
we need to deal with estimated factors inside the indicator functions.

Theorem [5.3| has shown that the relative size of N over T affects the shape of the limiting
criterion function. We categorize the results into three groups. In all three cases, the reults

enjoy certain oracle property.

e Strong Oracle: T27% = 0(N) or w = co. The drift function A(oo,g) is approximated
by a linear function with a kink at g = 0. Intuitively, a bigger N makes the estimated
factors more precise. This yields the oracle result for both 4 and @, and the same rate
and asymptotic distribution as in the known factor case. It is straightforward to show
that (NT1*2‘P) U3 np1=20 — 71-2¢ and

A(00,9) = E | (1d0)* | £{9| Puci ()] = E [ (o) | 1] [ e = 0] £, (0).

e Weak Oracle: N =o (T2_4‘P) or w = 0. The drift function A(0, g) is approximated by
a quadratic function in g (adjusted by VN T—2%) in a neighborhood of vg. Certainly,
it is harder to identify the minimum when the function is quadratic, making itself
smooth at the minimum, than when it has a kink at the minimum. This results in the
change of the asymptotic distribution as well as the slower rate of convergence for 7 to

(N Tl_Q‘P)_l/ 5, However, the oracle property for & is preserved.
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e Semi-Strong Oracle: N < T?7% or w € (0,00). In this case, A(w,g) has a continuous
transition between the two extreme cases discussed above. The effect of estimating
factors is non-negligible for 4 and yet the estimator enjoys the same rate of convergence.

The estimator & continues to be oracle efficient.

Remark 5.1. It is worthwhile to note that A (w, g) is continuous everywhere and A (w, g) —
+o0 as |g] — +oo for any w. The continuity of A(w,g) in w for any g implies that the
distribution of the argmin of the limit processes A (w,g) + 2W (g) is also continuous in w
in virtue of the argmax continuous mapping theorem [see e.g.;,van der Vaart and Wellner
(1996)].

Remark 5.2. The asymptotic distribution of 7 is well-defined for any w due to Lemma 2.6
of Kim and Pollard| (1990)). Specifically, the argmin of the limit Gaussian process is Op (1)
since A (w,g) is a deterministic function of order at least |g| for any w while the variance of
W (g) grows at the rate of |g| as g — oco. Furthermore, it possesses a unique minimizer almost

surely.

Remark 5.3. In the case of observable factors, as shown in Theorem k > 1 suffices for
the iterative estimators, while in the case of estimated factors, as shown in the above theorem,
k > 2. A careful examination of our proofs reveals that in the estimated factor case, k = 1
iteration only leads to a preliminary rate of convergence for 3 —vy = Op(T—1(172¢) 4 N—1/2),
which is sharp and leads to a proper limiting distribution only when 724 = o(N). In the
more general rate of IV, however, we need one more iteration to ensure sharp asymptotic

results.

5.7 Discussion of A (w,g) and its Graphical Representation

We now present an alternative and more explicit exposition of A (w,g). Let p(-) denote the

density function of the standard normal and recall that u; = f/y. Then, for w € [0,1],

[ fi91 1/3
(x2d0)2/0 (‘f{g‘—x)p(m x)dx utzol,

O-h‘7xtvgt
o [wlfigl X x
(x;do) / (‘ft’g‘ - —) P delu; =0
0 w Oh,x¢,9:

with the convention that z/w = 0 for w = co. This highlights the functional forms for w =0

A(w,g) =2E

and, for w € [1,00],

A(w,g) =2E

and w = oo and the presence of a possible kink at w = 1. The conditional expectation in

A (w, g) does not degenerate.
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Figure 1: An Example of A (w, g)
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To plot A (w,g), we consider the simple case that g; = (q;,—1), g = (0,92), s = 1,
do = 1, and h; and ¢; are independent of each other. We simply write go = ¢ for simplicity.
The top panel of Figure [If shows the three-dimensional graph of A(w,g) and the bottom
panel depicts the profile of A (w,g) as a function of w for several values of g and that of
A (w, g) as a function of g for given values of w. First of all, it can be seen that A (w,g) is
continuous everywhere but has a kink at w = 1. As w approaches zero, the shape of A (w, g)
is clearly quadratic in g; whereas as w gets larger, it becomes almost linear in g. Also, note
that A (w,g) is quite flat around its minimum at ¢ = 0 when w is close to zero; however,
A (w, g) has a sharp minimum at zero for a larger value of w. This reflects the fact that the

rate of convergence increases as w gets larger.

5.8 Phase Transition

To demonstrate that our asymptotic results are sharp, we consider a special case that N = T"
for kK > 1. In this case, the asymptotic results can be depicted on the (k, p)-space. When
T1=2% diverges to infinity at a rate slower than (NTl_Q‘F’)l/3 = TE+H1=20)/3  the resulting
convergence rates and asymptotic distributions for ¥ and & are the same as those when the
unknown factors are observed. We call this phase the strong oracle phase. When T'~2¢
diverges to infinity at a rate faster than T("t1-2¢)/3  the resulting convergence rate and
asymptotic distribution for 4 are different from those under the strong oracle phase. Even in
this case, the convergence rate and asymptotic distribution for @ are still the same as those
when the unknown factors are observed. This corresponds to weak oracle phase. The phase
transition occurs when T772¢ = T(+1-20)/3 which is the semi-strong oracle case and the
critical boundary of the phase transition. Changes in the convergence rates and asymptotic
distributions are continuous along the critical boundary.

Figure 2| depicts a phase transition from the strong oracle phase to the weak oracle phase.
The possible region we consider on the (k, ¢)-space is 0 < ¢ < 1/2 and k > 1. The critical
boundary (¢ = —r/4+1/2) is shown by closely dotted points in the figure. The strong oracle
phase is shaded in blue, wheres the weak oracle phase is in green. On the one hand, as ¢
moves from 0 to 1/2, the strong oracle region for k increases. That is, as the convergence rate
for 4 gets slower, the requirement for the minimal sample size N for factor estimation becomes
less stringent. On the other hand, as x gets larger, the strong oracle region for ¢ increases.
In other words, as N gets larger, the range of attainable oracle rates of convergence for 5
becomes wider. In this way, we provide a thorough characterization of the effect of estimated

factors.
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Figure 2: Phase Diagram
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Notes. This figure depicts a phase transition on the (k, ¢)-space. The possible region we
consider on the (k,p)-space is 0 < ¢ < 1/2 and k > 1. The critical boundary, i.e., the
semi-strong oracle region (p = —k/4+1/2) is shown by closely dotted points in the figure.
The strong oracle phase is shaded in blue, wheres the weak oracle phase is in green.

6 Inference

6.1 Inference about (ag,7o)

In this section, we consider inference. Regarding g, Theorems and imply that
inference for gy can be carried out as if 79 were known. Therefore, the standard inference
method based on the asymptotic normality can be carried out for ag for both observed and
estimated f;.

We now focus on the inference issue regarding ~o. Let 8y = h(7p) denote the parameter
of interest for some known linear transformation h(-). For instance, this can be a particular
element of 7, or h(79) = flo at a particular time s at which we would like to test about

the regime switching. We use a quasi-likelihood ratio statistic:

mina,h(v)z@ St (Oé, 7) - ST(EJZ\, ’/7\)
Sr(@,79) ’

LR(9) =

where St denotes the least squares loss function, using f; when factors are observable, and ﬁ
when factors are estimated. Then, the 100(1 — a)%-level confidence set for 0y is {6 : LR(0) <
cv.}, where cv, denotes a critical value. As Theorem shows below, the asymptotic
distribution is nonpivotal, so the critical value is computed based on the bootstrap. Let

{yis Z; () }i<7 be the generated bootstrap variables, whose definition will be made clear
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later. The bootstrap least squares loss is given by

T
S5(0,7) = 7 D l97 — 27 (1) ol (61)
t=1

In principle, we can define the bootstrap analogous quasi-likelihood ratio statistic as:

TR - Mifant)=hE) ST (@,7) — mina, 8p(e, 7).

ming 4 ST (e, )

Note that the bootstrap analogous constraint in ming, j,(1)=n(5) St (@, ¥) is h(y) = h(7).

A potential computational problem for LR is that one needs to fully solve two joint MIO
problems: ming , S7.(a,7) and ming j(,)=n(5) S7(@,y) in each of the bootstrap repetitions.
To circumvent this problem, we adopt the approach of |Andrews| (2002) by using the fact that
the full solutions based on the original data should be close to the full solutions based on the
bootstrapped data. Hence, within each bootstrap replication, we can employ the iterative
algorithm for the mixed integer linear programming, with (&, 7) as the initial value, and iter-
atively update the algorithm for k steps rather than computing the full bootstrap solutions.
Denote the resulting k-step bootstrap approximate solutions by 7} for the optimization with
the constraint h(y) = h(¥), and by (a*,7*) for the optimization without the constraint.

Sk TSk A*)

Formally, the following algorithm defines (a*,75*, 7}

1. Initialize at 30 =7, 3;° = 7.

2. Tterate the following steps (a)-(c), beginning with = 1 and terminating at a predeter-

mined number k.

(a) Compute

a*,l —

72 % (?*’H) vi
t=1

1 <& /
1Ea ) a )
t=1

(b) For the given a*', compute the following by mixed integer linear programming:

7 = argminS7(@,7)
v
~*,1 . * (~x]
7.7 = arg min SpH(a™,7)
" B)=h@)

(c) If I < k, let I =1+ 1; otherwise stop.
~x,1

3- Set a* == a*,l’ '/7\* = ﬁ*la and '/7\;; — /yh .
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We use ST (@*,7};) to approximate ming, j,(y)—x(9)

proximate min, S5 («,y). Thus, the proposed k-step quasi-likelihood ratio statistic is de-

S% (e, ) and employ S (a*,7*) to ap-

ST (Oé 17 )

Note that in the bootstrap estimation, the loss function depends on

Z(7) = (@, 21 {f7'y > 0},

where f7 is simply f; in the known factor case. We would like to stress on the case of estimated
factors, where f; should be the estimated factors in the bootstrap world. To preserve the
phase transition brought by the effect of PCA factor estimators in the bootstrap world, ﬁ is
used as the “true” factors, and f; should be a “perturbed” version of ﬁ Specifically, in the

estimated factor case, we define
= —1/281/2
fi=fo+ NPy
where N~/ 2@;/ 2VVt* is a Gaussian perturbation; Wy is a multivariate standard normal ran-
dom vector; f]h is an estimator for the asymptotic variance of H'hy, as defined in lj

1

A/
JN©

Yp = var (%A’A)

This perturbation ensures that the bootstrap distribution of f; — ]?t well mimics the asymp-
totic sampling distribution of f; — H’.gi; both are equivalent to N'(0,Xp,).
Recall that

Zi(y) = (@, )l {fly > 0}, Zi(y) := (2}, 2} 1{f]7 > 0})"

The following procedure formally describes the bootstrap procedure.

[Obtaining the Critical Value]

1. Generate an iid sequence {7}, whose mean is zero and variance is one. When factors

are estimated, generate an iid sequence of multivariate vectors {W;}, ., from N (0, I).
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2. Construct {yf}tST by, for each t =1, ..., T,

y = Zs () @ + &, & =y — Z;(7) @, for observable factors
= - ~

Zi ()" a + &y, &r=wy— Zy(7) @, for estimated factors.

3. Construct the bootstrap statistic

L = B (@) 81 (@)

where:

(a) S¥(c,7) is as in (6.1)), defined using Z;(7);
(b)
(«}, z;1{f{v > 0})', for observable factors

Zi(v) = ,
(x}, 2y 1{f} v > 0}), for estimated factors.

where f; = fi + N_l/Qii/zVVt*.
(c) (a*,7*,7;) is defined as in Algorithm [k-Step Bootstrap].

4. Repeat 1-3 many times and compute cv}, the (1 — a) th quantile of the empirical
distribution of LR}.

To describe the asymptotic distribution of the quasi-likelihood ratio statistic, let o2 be

the variance of ;. In addition, recall the asymptotic distributions of 7, the minimizer of

Qw,9) = A(w,g) +2W (g),

and as we discussed for Theorem w = 00 also corresponds to the case of known factors.
Note that A(w, g) depends on the true value ¢, the rotation matrix H, and the covariance
matrix Y. For the bootstrap sampling distribution, we shall consider drifting sequences

around these values. For this, define

A(w,g,E,f_I, ¢)

= ME [(:ctdoﬁ (|otrg + oW s 26| — |t s 2

919 = 0] Pg6(0).
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for w € (0, 00|, and

A(O79727E[7 ¢)

=B [($Qd0)2(9£H9)2 gio=0W'SYV2a g =0l p

giowy's1/2-15(0:0)-

Note that A(w,g) = A(w, g, H'SpH, H, ¢p).

In addition, in the homoskedastic case, we estimate H'X, H by

~

Sh = N(NA) " Aar(e ) A(AA) 7,

where var(e;) is a high-dimensional covariance estimator for var(e;). For instance, Fan, Liao,
and Mincheva (2013)) assumed that var(e;) is a sparse covariance matrix, and constructed
var(e;) using thresholding. They showed that under mild sparsity assumptions, for the matrix
spectral norm, |var(e;) — var(et)|2 = op(1) given that log N does not grow too fast relative
toT.

Assumption 10. (ii) Uniformly for ¢ inside a neighborhood of ¢y,

SUPyg,, fo |p§£¢\$t7f2t(0) - p9£¢1\$t,f2t(0)| =o(1). )

(ii) For each fixred w € [0,00] and g, A(w, g, S) is continuous with respect to S = (3, H, ¢).

(iii) The factor idiosyncratic component e; is independent of (xy,g:), and |var(e;) —
var(e;)|2 = op(1) under the matrixz spectral norm.

(iv) inf, |ﬁ*/7] has a density (jointly with respect to (et, g¢, W;')) bounded and continuous
at zero, where ]?t* —fi+ N‘lﬂiiﬂwg‘.

The following theorem presents the asymptotic distribution of LR, and the validity of
the k-step bootstrap procedure. Recall that in the estimated factor case ¥ — vg = O p(r;,lT),
where

1/3

rnr = (NT'720) 0 AT 22,

Theorem 6.1. Suppose that either assumptions of Theorems (for the known factor case)
or assumptions of Theorem (for the estimated factor case) and Assumption hold. Let
h(:) be a R™-valued linear function with a fited m. Then, under Hy : h(y) = 0, we have that

(i) in the known factor case:

T-LR %02 min Q(co, g) — o2 min Q(o0, g),
9, Vh=0 g

and for any k > 1 as the number of iterations in the k-step bootstrap,

T - LRy & 0;2 min Q(oo, gp) — JQZ min Q(o0, g),
g}, Vh=0 g
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(ii) in the estimated factor case:

VrnrTH2¢ - LR =% 6% min Q(w, gp) — 022 mgin Qw, g),

9, Vh=0

and for any k > 1 as the number of iterations in the k-step bootstrap,

VrnrTH2¢ - LR; =% 622 min Q(w, gn) — 02 2 min Q(w, g).
9

g5, Vh=0

In the above, =% represents the convergence in distribution with respect to the conditional
distribution of {ny, W;'},<p given the original data. Also, Vh denotes the gradient of h(-),

which is independent of vo as h is linear.

Therefore, LR; and LR are asymptotically identically distributed, which leads to the

bootstrap validity of the confidence interval:
P(h(y0) € {6 : LR(#) < cvi}) = 1—a.

It is also easy to check that when N > T?(1=2¢) the limiting distributions in both cases (i)

and (ii) are the same.

6.2 Test of linearity

In some applications, we are interested in testing the linearity of the regression model in
(1.1). That is, we may want to test the following null hypothesis:

Ho:00=0 fOI“aH’}/()EF.

Under the null hypothesis the model becomes the linear regression model and thus g is
not identified. This testing problem has been studied intensively in the literature when f;
is directly observed and the dimension of an unidentifiable component of g is 1 (see, e.g.,
Hansen| (1996) and Lee, Seo, and Shin| (2011) among many others).

We propose to use the following statistic:

supQ = sup 7 2iRe:o=0 87 (@,7) = mina St (0, 7)
~el' min, St («, )
mina:&z[} ST (Oé, ’Y) - minaﬁ ST (Oz, ’y)
ming St (e, 7)

(6.2)
=T

)

where St («, ) is the least squares criterion function, using either the observed or estimated
factor.

For both observed and latent factor cases, we establish the following result.
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Theorem 6.2. Suppose that either assumptions of Theorems (for the known factor case)
or assumptions of Theorems (for the estimated factor case) hold. Then, under Hy,

supQ > sup W () (R (B2 (0) Z: (7)) " ESR) W (),
e

where W () is a vector of centered Gaussian processes with covariance kernel

K (n,72) = R (EZ (1) Ze (1)) E[Ze(n) Ze (v2)' 7] (BZ: (12) 2 (1)) R
and R = (04,,14,) is the (dy X 2d,)-dimensional selection matm’xﬁ

Below we present a bootstrap algorithm for the p-value.

[Computation of Bootstrap p-Values]

1. Generate an iid sequence {7} whose mean is zero and variance is one.

2. Construct {y;} by R
yi = o8 + mér,
where B is the unconstrained estimator of [y and &; is the estimated residual from
unconstrained estimation.

3. Construct the bootstrap statistic supQ* by (6.2) with the bootstrap sample {;, z, f; :
t=1,...,T}if fi is known and {y}, z, fr : t = 1,..., T} if f; is estimated, respectively.

4. Repeat 1-3 many times and compute the empirical distribution of supQ*.

5. Then, with the obtained empirical distribution, say F7: (-), one can compute the boot-
strap p-value by

p"=1—Fr (supQ),

or a-level critical value )
ci=F; (1-a).

The proposed bootstrap is standard and thus its asymptotic validity follows from the
standard manner in view of Lemma and the conditional martingale difference sequence
central limit theorem (e.g. Theorem 3.2 of Hall and Heyde (1980)). The details are omitted
for the sake of brevity. Furthermore, it is straightforward to establish conditions for the

consistency of our proposed test.

5Here, 04, and Ig4,, respectively, denote the d,-dimensional square matrix with all elements being zeros
and the d;-dimensional identity matrix.
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7 Monte Carlo Experiments

In this section we study the finite sample properties of the proposed method via Monte Carlo

experiments. The data are generated from the following design:
yr = 3P0 + 2300 1{gipo > 0} + & for t=1,....T,

where g, ~ N(0,0.5%), 2y = (1,25,)", and g; = (914, —1)'. Both zg; and g1 follow the vector

autoregressive model of order 1:

Totr = PzrX2t—1+ W

g1t = Pgg1t—1 + U,

where vy ~ N(0,1;,_1) and us ~ N(0, I5). When the factor g; is not observable, we instead

observe ); that is generated from

Vi =Agis + VEKe,

€t = Pe€i—1 + Wy,

where )y is an N x 1 vector and w; is an i.i.d. innovation generated from N (0, I). The terms
€t, Vg, Ug, wy are mutually independent of each other.

In the baseline model, we use the joint estimation algorithm and consider the case of T' =
N =200, d, = 2 and K = 3. The parameter values are set as follows: Sy = dp = (1,1), ¢g =
(1,2/3,0,2/3), p, = diag(0.5,...,0.5), pg = diag(pg,1,--.,pg,K), where py 1 ~ U(0.2,0.8) for
kE=1,...,K, the i-th row of A, \; ~ N(0/,K - Ig), and p. = diag(pe1,---.,pen), where
pei ~ U(0.3,0.5) for i =1,..., N. The values of p, and p. are drawn only once and kept for
the whole replications. The factor model design is similar to Bai and Ng| (2009) and |Cheng
and Hansen| (2015)). All simulation results are based on 1,000 replications and are performed
on a desktop computer equipped with an AMD RYZEN Threadripper 1950X CPU (16 cores
with 3.4 GHz) and 64 GB RAM.

Table [[l summarizes the simulation results of the baseline model. We estimate the model
under four different scenarios: (i) when we know the correct regime (Oracle), i.e. ¢g is known;
(ii) when we observe g; and know that the third factor is irrelevant (Observed Factors/No
Selection ¢¢); (ili) when we observe g; and have to select the relevant factors (Observed
Factors/Selection on ¢;); and (iv) when we do not observe g; but estimate factors from )} by
the principal component analysis. In the last case, we set the number of feasible factors to
be 4. We report the mean bias and the root-mean-square error (RMSE) for 3, §, or v as well
as the coverage rate for the 95% confidence intervals of S and §. We also report the ratio

of samples that the correct factors are selected (Correct Factor Selection) in scenario (iii).
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Table 1: Simulation Results: Baseline Model (T'= N = 200)

Mean Bias RMSE Coverage
Scenario (i): Oracle
51 -0.0025 0.0427 0.948
Ba 0.0015 0.0383 0.947
01 0.0012 0.0749 0.962
92 -0.0039 0.0678 0.959

Scenario (ii): Observed Factors/No Selection on g¢;

B1 -0.0033 0.0430 0.943
B2 0.0013 0.0385 0.942
0 0.0042 0.0759 0.956
02 -0.0027 0.0684 0.954
o2 0.0002 0.0655

®4 -0.0011 0.0495

Ave. Cor. Regime Prediction: 0.9929 (0.0074)

Scenario (iii): Observed Factors/Selection on g;

b1 -0.0034 0.0431 0.943
Bo 0.0013 0.0385 0.940
01 0.0045 0.0759 0.959
09 -0.0027 0.0685 0.954
P2 -0.0053 0.0646
o3 0.0010 0.0110
P4 -0.0023 0.0526
Ave. Cor. Regime Prediction: 0.9925 (0.0080)
Correct Factor Selection: 0.985

Scenario (iv): Unobserved Factors

B1 -0.0002 0.0435 0.945
B 0.0032 0.0391 0.940
01 -0.0062 0.0795 0.952
2 -0.0085 0.0702 0.957
Y2 -0.0003 0.5098
3 -0.0061 0.4977
Y4 -0.0061 0.3784
Ave. Cor. Regime Prediction: 0.9799 (0.0122)
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In scenarios (ii)—(iv), we report the average of correct regime prediction (Ave. Cor. Regime
Prediction). This statistic measures the average proportion such that the predicted regime of
1{g}¢ > 0} (or 1{f/7 > 0} in (iv)) is equal to the true regime of 1{g}¢o > 0} (or 1{f/vo > 0}
in (iv)):

N

T
E <1 >~ 1{t{gié > 0} = H{gi0 > 0}}) ,
t=1

where the expectation E is taken over simulation draws. The standard errors are reported
in the parentheses next to the statistic. The regime classification results are almost perfect
in scenarios (ii) and (iii) and slightly worse in scenario (iv).

Overall, the finite sample performance of the proposed method is satisfactory. As pre-
dicted by the asymptotic theory developed in the paper, the estimation results of o = (3, )
in (ii)—(iv) are quite similar to those of the oracle model in (i). The coverage rates for the
95% confidence intervals are also close to the nominal value. Not surprisingly, these results
on « are based on the good performance in estimating ¢ (or 7). The method also shows good
performance in selecting factors in (iii).

In Table 2] we focus on the unobserved factor model and check the performance of the
estimator by increasing N. For each simulated sample of {y, z¢,¢:}, we generate ), with
N = 100,200,400,1600. We use the same baseline design with T" = 200, d, = 2, but
K = 1. We have chosen the simpler specification K = 1 to speed up computations in this
experiment. We use the joint estimation algorithm and conduct 1,000 replications. The
regimes are predicted more precisely as N increases and the performance of the estimator
improves. We observe relatively more improvements in v rather than «. This is because &
enjoys the oracle property, provided that 7= O(N).

Finally, Tables report summary statistics of computation time as well as the conver-
gence ratio of each computation method. Specifically, the convergence ratio measures the
proportion such that the difference of two objective function values is less than 1076. We
simplify the baseline model by considering only observed factors and by setting p, = p, = 0,
i.e. no serial dependency in x; and g¢. The results are based on 100 replications. We consider
scenario (ii), so the correct factors are observed and we do not need to select them. We set
T =200, d; = 1, and d4 = 2, initially and increase each dimension as follows.

First, we vary the sample size T = {200, 300,400, 500}. For the iterative method, we
consider a coarse grid (¢ = 1.0) and a fine grid (¢ = 0.1). Recall that ¢ is the minimum
distance between two grid points. Thus, given the lower and upper bounds of ~;, 7; and 7,

we set the grid points as {(1,72,...,74;) 7+ (k — 1)¢ for all integer k such that 1 < k <
1= . d 11— . .

1+ ¢y, — lj) and j = 2,...,dys}. In total, there are TI;Z,[1 + (~1(7; — lj)] grid points.

In Table 3] the computation time of all methods increases as T increases but all of them
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Table 2: Unobserved Factors with Different N Sizes

Mean Bias RMSE
N =100
51 0.0097 0.0473
B 0.0077 0.0407
o1 -0.0397 0.1015
02 -0.0376 0.0939
Y2 /M 0.0016 0.0802

Ave. Cor. Regime Prediction: 0.9741 (0.0133)

N =200

B 0.0067 0.0462
Bo 0.0050 0.0386
6 -0.0252 0.0966
8o -0.0241 0.0850
Y2/ M -0.0014 0.0629

Ave. Cor. Regime Prediction: 0.9821 (0.0107)

N = 400

By 0.0038 0.0460
B 0.0028 0.0379
5 -0.0129 0.0880
8y -0.0142 0.0795
Y2/M -0.0010 0.0500
Ave. Cor. Regime Prediction: 0.9870 (0.0087)
N = 1600

b1 0.0010 0.0443
B 0.0006 0.0373
5 -0.0029 0.0851
59 -0.0056 0.0759
YoM 0.0011 0.0392

Ave. Cor. Regime Prediction: 0.9934 (0.0062)
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Table 3: Computation Time for Different Sample Sizes (unit=second)

T=200 T=300 T=400 T=500

Tter. (C=1.0) 146 219 286  3.68

Min Tter. (C=0.1) 150 224 292  3.74
Joint 1.87 285 397 523

Tter. (C=1.0) 149 223 299 3.8

Median Tter. (C=0.1) 152 227 304 381
Joint 199 3.04 439 5.6

Tter. (C=1.0) 149 224 299 3.8

Mean Tter. (C=0.1) 154 228 305  3.83
Joint 199 309 434 5.6

Tter. (C=1.0) 153 233 309  3.94

Max Tter. (C=0.1) 254 242 316  3.98
Joint 221 369 473 6.07

(¢ =1.0) 093 087 093 0.8

Convergence Ratio  »_ ) 100 097 100  0.99

Note: The unit of computation time is second. The convergence ratio measures the
proportion that the difference of two objective function values is less than 1076,

Table 4: Computation Time for Different Sizes of x; (unit=second)

do=1 dp=2 dy=3 dy=4

Iter. ((=1.0) 146 145 145 145

Min Tter. ((=0.1)  1.50 149 149  1.49
Joint 1.87 216 239 246

Iter. ((=1.0) 149 149 148 148

Median Tter. ((=0.1) 152 152 151 152
Joint 199 231 252 276

Iter. ((=1.0) 149 149 148 148

Mean Iter. (¢ =0.1) 1.54 1.52 1.52 1.52
Joint 1.99 230 251 276

Iter. ((=1.0) 153 159 153 157

Max Iter. (¢ =0.1) 2.54 1.68 1.69 1.68
Joint 221 254 285  3.06

. (¢=1.0) 093 084 087  0.87

Convergence Ratio  »_ ) 1.00 098 094 094

Note: The unit of computation time is second. The convergence ratio measures
the proportion that the difference of two objective function values is less than
1076,
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Table 5: Computation Time for Different Sizes of g; (unit=second)
dg=2 dy=3 dyg=4 dy=5
Iter.(¢ = 1.0) 1.46 1.50 1.83 3.30

Min Joint 1.87 204 479 7878
. Tter.(¢C =1.0)  1.49 157  1.92 3.41
Median Joint 199 217 642  410.35
\ Tter.(C =1.0) 149 157  1.93 3.43
can Joint 1.99 218 656 445.15
N Tter.(C =1.0)  1.53  1.66  2.26 3.68
ax Joint 221 238  9.68 1389.86
Convergence Ratio (¢ = 1.0) 0.93 0.94 0.88 0.92

Note: The unit of computation time is second. The convergence ratio measures
the proportion that the difference of two objective function values is less than
1076.

deliver the computation results in a reasonable range of time (about 6 seconds in the worse
case). The iteration method with a coarse grid is the fastest but it sometimes ends up with
local minima (13% of simulations in the worst case). Table [4f summarizes the result when
we increase the dimension of x¢, d, = {1,2,3,4} while keeping 7" = 200 and d, = 2. Both
iterative methods do not lose the computation time while the joint method gets slower as d,
increases. However, there is a trade-off between the fast computation and the convergence
rate. Even with a fine grid (¢ = 0.1), about 6% of the simulations end up with some local
minima. In Table |5, we increase dy = {2,3,4,5} while keeping 7" = 200 and d, = 1. The
grid search in the iterative method with ¢ = 0.1 takes longer than a reasonable range of
computation time and we only report the result with ¢ = 1.0. As d, increases, computation
time required for the joint method increases exponentially but still stays in the feasible range.
The iterative method is faster but it finds local minima around 10% of simulations. Therefore,
if one has a model with a large dimension of g; or f;, we recommend estimating it first by

the iterative method with a coarse grid but producing the final result by the joint method.

8 Empirical Examples

8.1 Testing the Linearity of US GNP and Selecting Factors

In this section, we revisit the empirical application in Hansen| (1996)), who tested |Potter

(1995)’s model of US GNP. Hansen (1996]) used annualized quarterly growth rates, say vy,
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for the period 1947-1990. His estimates were as follows:

g = —3.21 4+ 0.51y;_1 — 0.93y;_ o — 0.38ys_5 + &  if y_o < 0.01
(2.12) (0.25)  (0.31)  (0.25)
yr = 2.14 + 0.30y;_1 + 0.18y;_o — 0.16y;_5 + & if y;_o > 0.01,
(0.77) (0.10) (0.10) (0.07)

where heteroskedasticity-robust standard errors are given in parenthesis. His heteroskedasticity-
robust LM-based tests for the hypothesis of no threshold effect were all far from usual rejection
regions (the smallest p-value was 0.17). Using the same dataset, we carry out the following
two exercises: (1) selecting relevant factors and (2) testing the linearity of the model. For the
former, we keep y;—o as fi; and add (yi—1,yit—5) as for. That is, we allow for the possibility
that the regimes can be determined by a linear combination of (y;—1,¥%¢—2,yi—5). The choice
of penalization parameter A is important. Recall that we require A — 0 and AT — oo. In

this application, we set

logT

~2

A= OHansen T’

where 05, on = T ! 23:1 2 and the estimated residual ; is obtained from Hansen| (1996))’s

estimates in (8.1]). By implementing joint optimization with this choice of A, we select only

yi—5 but drop 2¢—1 in fo;. Our estimated index is
fi7 = yr—2 — 0.91y_5 + 0.50.

If we compare this with Hansen’s estimate f/7 = y;—2 — 0.01, we can see that in Hansen’s
model, the regime is determined by the level of GNP growth in ¢ — 2; on the contrary, in
our model, it is determined by y;—2 — 0.91y;_5, roughly speaking the changes in growth rates
from t — 5 to t — 2. Specifically, the regime is determined whether 7;_o — 0.91y;_5 is above or
below —0.50. Our estimates suggest that a recession might be captured better by a decrease
in growth rates from ¢t — 5 to ¢t — 2, compared to a low level of growth rates in t — 2. Our

estimated coefficients and their standard errors are as follows:

g = —2.07 4 0.28y,_1 — 0.33y;_5 + 0.62y_5 + & if yr—o — 0.91y,_5 < —0.50
(1.33) (0.13)  (0.16)  (0.19)
g = 2.76 4 0.35y,_1 + 0.07Ty—2 — 0.21y,_5 + & if ye—o — 0.91y,_5 > —0.50.
(0.96) (0.12)  (0.12)  (0.10)

(8.2)
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We now report the result of testing the null hypothesis of no threshold effect. We take our
estimates in as unconstrained estimates. The resulting LR test statistic is 28.19 and the
p-value is 0.056 based on 500 bootstrap replications. This implies that the null hypothesis is
rejected at the 10% level but not at the 5% level. There are two main differences between our
test result and |Hansen| (1996)’s. We use the LR statistic, whereas Hansen| (1996)) considered
the LM statistic. Furthermore, his alternative only allows for the scalar threshold variable

y4—o but we consider a single index using 1;—2 and y;—_s.

8.2 Classifying the Regimes of US Unemployment

Following Hansen| (1997)), we now consider threshold autoregressive models for the US unem-
ployment rate. Hansen| (1997) used monthly unemployment rates for males age 20 and over
and estimated his threshold model with the first-differenced series, say Ay, to avoid nonsta-
tionarity. The leg length in the autoregressive model was p = 12 and his preferred threshold
variable was ¢:—1 = y+—1 — ¥:—12. In this section, we investigate the usefulness of using un-
known but estimated factors. We use the first factor, say Fj, of Ludvigson and Ng| (2009)
among eight common factors that are estimated from 132 macroeconomic variables. This
factor not only explains the largest fraction of the total variation in their panel data set but
also loads heavily on employment, production, and so on. They call it a real factor and thus
it is a legitimate candidate for explaining the unemployment rate. We consider three different
specifications for fi: (1) fir = (qt—1,—1), (2) for = (Fy—1,—1), and (3) f3r = (qe—1, Fr—1,—1).
That is, the first specification of f; corresponds to Hansen| (1997, the second one uses the
real factor only, and the third case includes both. We combined the updated estimates of
the real factor, which are available on Ludvigson’s web page, with Hansen’s data, yielding a
monthly sample from March 1960 to July 1996 for our estimation purpose.

Table [6] reports the parameter estimates of regression coefficients and their heteroskedas-
ticity consistent standard errors for each of three specifications. Point estimates of lagged
unemployment rates indicate different dynamics across different specifications; however, it
might be more illuminating to consider the overall performance of different models. For this
purpose, in Table[6] we show the goodness of fit by reporting the average of squared residuals
and also the results of regime classification relative to the NBER business cycle dates. The

latter is obtained by

T
1 ~ .
1= T ; ‘1 {fg,‘ﬂj >0} — 1NBER¢‘ for each j =1,2,3,

where 7; is the parameter estimate when factor fj; is considered and 1nggR,: is the indicator
function that has value 1 if and only if the economy is in expansion according to the NBER

dates. Accordingly, we label regime 1 “contraction” and regime 2 “expansion”, respectively.
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Table 6: Estimation Results

Specification (1) (2) (3)

fie = (qe—1,-1) for = (Fy—1,—-1) fat = (qt—1, Fr—1,—1)
Estimate Std. Err. Estimate Std. Err. Estimate Std. Err.

Regime 1 qi—1 < 0.302 Fi 1 <-0.28 Qt—1 + 3.55F;_1
(“Contraction”) < —1.60
Intercept -0.0214 0.0126  -0.0255 0.0101 -0.0294 0.0101
Ayt -0.1696 0.0640  -0.1182 0.0629 -0.1628 0.0601
Ay;_o 0.0382 0.0650 0.0774 0.0558 0.0264 0.0600
Ayi—3 0.1896 0.0587 0.2097 0.0645 0.1933 0.0520
Ayp_y 0.1399 0.0630 0.1039 0.0523 0.1445 0.0552
Ayi—s 0.0858 0.0749 0.0622 0.0600 0.0699 0.0656
Ayi—¢ 0.0214 0.0653 0.0193 0.0558 0.0177 0.0613
Ayi—7 0.0318 0.0678  -0.0268 0.0596 0.0174 0.0613
Ayis 0.0402 0.0599  -0.0006 0.0617 0.0103 0.0626
Ayt -0.0667 0.0663  -0.0766 0.0660 -0.0637 0.0656
Ayi—10 -0.0540 0.0640  -0.0120 0.0559 -0.0467 0.0575
Ayr—11 0.0782 0.0568 0.0162 0.0529 0.0196 0.0528
Ayi—12 -0.0899 0.0641 -0.1216 0.0576 -0.1224 0.0572
Regime 2 qr—1 > 0.302 Fi 1> —0.28 qi—1 + 3.55F;
(“Expansion”) > —1.60
Intercept 0.0876 0.0375 0.0509 0.0560 0.1893 0.0576
Ayp—q 0.2406 0.1179 0.3671 0.2011 0.2937 0.1665
Ay o 0.2455 0.0932 0.2198 0.1634 0.1420 0.1279
Ayi—3 0.1283 0.1038 0.0936 0.1563 0.1042 0.1549
Ayi—y -0.0222 0.1033  -0.0053 0.1883 -0.1035 0.1690
Ayi—s -0.0272 0.1104  -0.1804 0.2188 -0.0723 0.1868
Ayt -0.0851 0.1083  -0.0500 0.2125 -0.0821 0.1400
Ay -0.1562 0.1057  -0.0297 0.2027  -0.1853 0.1443
Ayi—s -0.0372 0.1357 0.0021 0.2923 -0.1214 0.2038
Ayio 0.0991 0.1358 0.0754 0.1754  -0.0861 0.1475
Ayt-10 0.1149 0.1125 0.0445 0.1574 0.0392 0.1426
Ayi—11 -0.1012 0.1256 0.1872 0.1995 -0.0307 0.1840
Ayi_19 -0.4440 0.1144 -0.2269 0.1668 -0.3807 0.1542
Avg. of squared residuals

(T8 0.0264 0.0272 0.0252

Proportion of matches between NBER recession dates and threshold estimates
0.807 0.894 0.896
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Figure 3: Regime Classification

Unemployment Rates

Unemployment Rates

Year

Unemployment Rates
Unemployment R

@ a0 a0 s 1980
Year

Note. The top left panel shows NBER recession dates in the shaded area, the
top right panel displays regime 1 with specification (1), and the bottom left
and right panels show regime 1 with specifications (2) and (3), respectively.

40



Figure |3| gives the graphical representation of regime classification. Specification (1) suffers
from the highest level of mis-classification and tends to classify recessions more often than
the NBER; specification (2) mitigates the misclassification risk but at the expense of a worse
goodness of fit. On one hand, the threshold autoregressive model solely by ¢;—1 fittingly
explains the unemployment rate but is short of classifying the overall economic conditions
satisfactorily; on the other hand, the model based only on F;_ ;1 is adequate at describing
the underlying overall economy but is not reaching as far as the former model in terms of
explaining the unemployment rate. It turns out that specification (3) enjoys advantages of
both specifications (1) and (2). It has the lowest misclassification error and best explains
unemployment. Thus, we have shown the real benefits of using a vector of possibly unobserved
factors to explain the unemployment dynamics.

As an additional check, we tested the null hypothesis of no threshold effect. We take
our estimates in specification (3) as unconstrained estimates. The resulting p-value is 0.002
based on 500 bootstrap replications, thus providing strong evidence for the existence of two

regimes.

9 Conclusions

We have proposed a new method for estimating a two-regime regression model where the
switching between the regimes is driven by a vector of possibly unobservable factors. We have
shown that our optimization problem can be reformulated as mixed integer optimization and
have presented two alternative computational algorithms.

We have also derived the asymptotic distribution of the resulting estimator under the
scheme that the threshold effect shrinks to zero as the sample size tends to infinity. We have
demonstrated that our proposed method works well in finite samples and have illustrated its
usefulness by applying it to US macro data.

It would be interesting to extend our framework to the nonparametric regime switching,
where the switching indicator is replaced by 1{F(w;) > 0} with a vector of observables w,
and a nonparametric function F(-). To estimate F'(-), suppose it can be well approximated
by a sieve expansion:

F(we) = fi7o,

where f; := (¢1(wy), ..., dy(wy)) is set of sieve transformations and 7 is the vector of cor-
responding sieve coefficients. Then the model fits to our setting with a modification that

J = dim( f;) may slowly grow with the sample size.
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A Identification

In this section, we establish sufficient conditions under which (5, §(, ()’ is identified. Recall
that the covariates x; and f; may not be directly observable in our general setup; however,
since we assume that they can be consistently estimable, it suffices to consider the identifica-
tion of the unknown parameters under the simple setup that x; and f; are observed directly
from the data.

If there is no random variable in f; with a non-zero coefficient, vy is unidentifiable. As-
sumption [I| in the main text avoids this directly by assuming that the first coefficient of 7y
is 1 We partition f; = (fir, ;) and v = (1,74)’, and write, occasionally, 1{f1; > f5,7}
instead of 1 {f/y > 0}.

Remark A.1 (Alternative Scale Normalization). We may consider an alternative parameter
space for vo: o €T ={v: |y[2=1,7 # (0,...,0,1)’, and v # (0, ..., 0, —1)'}. This parameter
space excludes the case of no real threshold variable by assuming that both |y|o = 1 and
v # (0,...,0,41)" (recall that the last element of f; is —1). Assumption [1|is more convenient
for computation since it reduces the number of unknown parameters but it requires to know
which factor has a non-zero coefficient. On the other hand, the alternative parameter space
might be more attractive when it is difficult to know which factor has a non-zero coefficient a
priori. We focus on the former throughout the paper; however, the main results of the paper

could be obtained under the latter.
We make the following regularity conditions.

Assumption 11 (Identification). (i) There exists an element fj in fi such that vjo # 0
and the conditional distribution of f;; given f_;; is continuous with probability one,

where f_;; is the subvector of f; excluding fj;.

(it) Let By = {f{vo <0 < fiv}U{f{y <0< fino}. Then, for any~y € I' such that v # 7o,
E [(x;(so)Q 1 {Bwt}} > 0. (A1)
fii) Let Ave = {fr0 > 0} 0 {7}y > 0} and Asyy = {fin0 < 0} 1 {fi < O}, Then,
;relij (231 {A1}] >0 and ;rellﬁE (w231 {Agye}] > 0. (A.2)
Recall that

R(o,v) = E(ye — 21 — 2301{ f{y > 0})* — E(ye — B0 — x}d01{ f{n0 > 0})°. (A.3)

7 Alternatively, it could be —1; however, the choice between +1 and —1 is just a labelling issue since two
regimes are equivalent up to reparametrization of oy under either scale normalization.
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Note that under Assumption R (-,-) is continuous. The condition ensures the
presence of a change in the regression function. If Jg = 0, then is not satisfied. A
sufficient condition for is to assume that that there exists some n > 0 such that any
open subset of F,, = {fi :|f{7] < n} possesses a positive probability (dense support) and
that

E [(@50)2 ’ft = z} >0

for all but finitely many z € {z : |2’v9| < n} (rank condition).
The condition (A.2) is satisfied, for example, if

el

E [:Utxftl {inlﬁ Iy > OH >0 and E [xtxgl {sup fiv < O}] > 0. (A.4)
vE

Note that (A.4) requires that (i) the parameter space I' satisfies

P {fiv>0}]|>0andP [ () {fiv<0}|>0 (A.5)
~er ~el

and (ii) E (z¢x}| fr = 2) has full rank for some z belonging to {z : inf,er 2’y > 0} and also for
some z such that {z : SUpPyer 2y < 0}. In other words, there should be some non-negligible
fraction of observations in each regime for any v € I'. However, we cannot simply assume
that E (x2}|fy = z) > 0 for all z since z; may contain f; and thus the positive-definiteness

may not hold for all z.

Remark A.2. It is possible to provide sufficient conditions for Assumption in a more
compact form if 2; does not contain f; = (fu, f4;)" other than the constant 1. For instance,
in that case, it suffices to assume that dg # 0, the conditional distribution of f1; given fo,
has everywhere positive density with respect to Lebesque measure for almost every for, and
both E (far f5,) > 0 and E (xx}|fi) > 0 a.s.

The following theorem gives the identification and well-separability of (o), () -

Theorem A.1 (Identification). If Assumptions [1] and [11] hold, then (o, 7)) is the unique
solution to

i E(y — 2,8 — 2}01{ f{ > 0})
(a/’,yl)/Irélledz «T (yt xtﬁ ‘Tt {ft’y })

and

inf R(a,y) >0
{(e/ ') €R2x xT:[ (o ') — (e 7p) 2>}

for any € > 0.

Theorem gives the basis for our estimator given in the main text.
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Proof of Theorem[A.1l Note that
R(,7) =E (7% (1)@ = Z () o)’

due to (1.1) and (1.2)). We consider two cases separately: (1) o = g and v # 7o and (2)

o # .
First, when a = g and v # 7o,

(Z () @ = Zi (30) o) = (}60)”
on By = {f{70 <0< fiv} U{f{y <0< fino}. Thus,
R(ap,v) > E [(m;50)2 1 {BW}} >0

by (A.1) and R (ap,y) is continuous at v = vy due to Assumption [11] (i).
Second, if a # ag,

(Ze (1) @ = Zi (1) @0)” = (} (B— Bo+ 0 — b))’
on {0 > 0} N {f{y > 0} and
(Ze (0 @ = Zi () a0)” = (2} (B = )"
on {f{vo <0} N{f{y <0}. Thus,

R(a,y) > E (2} (B~ o+ —0))* 1 {A1re}
+E () (8- B0))° 1{As} (A.6)

>cla— ao\g ,
for some ¢ > 0 due to the rank condition in (A.2)).
Together, they imply that the minimizer of R is unique and well-separated. I
B Additional Details on Computation

In this section, we provide additional details on computation. We give the proof of Theorem
[2.1] present an alternative form of the proposed algorithm in Section describe additional

possible restrictions in estimation and give practical guidance.
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B.1 Proof for Section 2|
Proof of Theorem[2.1]. For convenience, we number constraints in the following way: V¢, j,
L. (8,6) e A, yeT,
2. Lj <0; <Uj,
3. (dp = 1)(My +€) < fiy < diMy,
4. dy € {0,1},
5. diLj < /tj; < diUj,
6. Lj(1—dy) <6 — L <U;j(1—dy),
7.1 < %E?:l di < 7.

Recall that )

T da
@012 15 (St
- j=1
where £ = ({11,012, ..., La, 1),

(B, 5,7, J,Z) = argmin Qp (3, £€) under conditions 1-7,
5757"/7d’e

and Sy (a,y) = %Z;‘F 1(ye — @B — 2 61{ fly > O})2 and @ and 7 denote the argmin of Sy.
To prove the theorem, we show that (i) Sy (a, Qr (B,2); (i) Qr (B,2) > Sr(@,7);
(iii) S (@,7) > QT( _)
Proof of (i): By definition, Sy (@,%) = %Zzzl(yt — 23 — 2,61{f/7 > 0})2. Hence we
need to show

2
T T

dy
1 - < -
Z(yt - fL'tB - xtdl{ Y > 0}) T yr — B — Z b5t
1 j=1

t=1 t=

1
T

We show ¢;; = §;1{f/7 > 0} for all (t,5). If f/ > 0, d; = 1 by condition 3 and 4, and
Zjﬂg = Sj by condition 6. If f{7 <0, d; = 0 by condtion 3 and 4 and ZN = 0 by condtion 5.
Proof of (ii): By part (i), we have

7 (8,€) =Sr(a,7) > min_Sr(a,y) =Sr(a,7).

aceAyel

~

Proof of (iii): Define ZN = gj(ft, where d; = 1 {f{7 > 0}. Then Sy (a,7) =
~ ~ / ~ o~
where £ = (6171, ...,EdI,T) . Now it is straightforward to check that (B 0,7

Qr (8.2),
&\Z) satisfy
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conditions 1-7 for all j and ¢t. For simplicity, we just give the details of checking condition
3. When f/4 > 0, then d; = 1. Condition 3 becomes 0 < ft7 < My = sup,r | f{v], which
is satisfied. When f/7 < 0, d; = 0. Condition 3 becomes —M; — e < f{7 < 0, which holds
for any € > 0. So it is a feasible to the optimization problem min Q7 with conditions 1-7.

Consequently,
57(8,3) = Qr (8.£) 2 Qr (3,9)
by the definition of (3, £). Combining parts (i),(ii) and (iii), St (&, %) = Qr (B, Z) =Sr(a,7). 1

B.2 Alternative Joint Optimization

The proposed algorithm in Section may run slowly when the dimension of x; is large. To

mitigate this problem, we reformulate the joint optimization in the following way.

[Joint Optimization (Alternative Form)] Let d = (di,...,dr)" and £ = {ZN c =
1,...,dy,t =1,...,T}, where ¢;; is a real-valued variable. Solve the following problem:
1 T N ds 2
min T Z Y — 1y 3 — ijytfj,t - ij,tLj dy (B.1)
5157’77d7£ t=1 ]:1 Jil
subject to
(8,0) e A, veT,
0<d; < (U — Ly),
0 < Zj,t < 5}7
(dt — 1)(Mt -+ 6) < ft/’}’ < CltMt,
dy € {0,1},
S L B.2
0<> Ly <d Y (U — Ly), (B-2)
j=1 j=1
dg s _ dy
0> [5 - 6] < (1=d) > (U; ~ L),
j=1 j=1
T
<= Zdt <1y
t=1

foreacht=1,...,T and each j =1,...,d,, where 0 < 71 < 70 < 1.

Note that gj and Zj,t are transformed to be positive. Using the positivity of these variables,
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one can sum up restrictions across j’s, where j = 1,...,d,, while ensuring that optimization
problem (B.1)) under is mathematically equivalent to optimization problem under
in Section We use the alternative form of formulation in our numerical work;
however, we present a simpler form in Section to help readers follow our basic ideas more

easily.
B.3 Additional restrictions
We may also consider
1 X
7 ldi —di| < M (B.3)
t=2

for some predetermined M > 0. This restriction limits the maximum number of regime
changes. To impose (B.3) in mixed integer programming, introduce A1, A} 1, A, such
that

App1 = dip1 — dy,
_ A -
At+1 - At+1 - At+17

(Afiy, Ar) : SOS-,

A

T Z (AL +AL] <M,
t—2

A;‘:—l € {07 1}7

A, €{0,1}

for each t = 2,...,T. Here, (A;:_l, A;1 ;) ¢ SOS-1 refers to Specially Ordered Sets of type 1,
which means that at most one of A}, 1 and A, may take a non-zero value.

Alternatively,
1 k+m
T Z |diy1 —di| <1 foreach k <T —m (B.4)
t=k+1
for some predetermined m > 0. This imposes that only one change is allowed within the m
time periods. The restriction (B.4]) can also be written as the SOS-1 type constraint.
B.4 Practical Guidance

We have presented two alternative classes of MIO algorithms. The first one is a global

approach that ensures that its solution is globally optimal once it is found. The second one
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is an iterative approach that typically computes much faster in problems with a much large
T. Though it does not guarantee that the resulting solution is globally optimal, it produces
an asymptotically equivalent estimator of (ag),7()’. In addition, we find that it works pretty
well in our applications even when the size mp of 't is relatively small and the number of
iterations in Steps 3(a)-(c) is less than three.

As such, we view that both are complements to each other. On one hand, when T
is relatively small, we recommend using the first approach; on the other hand, when T is
relatively large or we need to estimate parameters repeatedly, we advise practitioners to use
the second approach. In practice, one may combine both methods. For example, one could
use the iterative approach to obtain an initial estimator and switch to the joint approach to

obtain a final estimator in a narrowly defined parameter space around the initial estimator.

C Proofs of the Asymptotic Distribution in Section [3} Known
f

Recall that we have proposed two (asymptotically equivalent) estimators for («,~). One is
defined as the global minimizer of the least squares problem, jointly solved by applying the
MIQP. The other is defined by iteratively solving the MIO problem using MILP. We shall
show that both estimators have the same asymptotic distribution. We split the proofs into

two parts: the case of the joint approach and that of the iterative approach.

C.1 Case 1: Joint Approach

We start with the joint approach. The proof is divided into the following subsections.

C.1.1 Consistency
Lemma C.1 (Consistency). Let Assumptions and @ and hold. Then asT" — oo,
@ — agly =op (1) and [§ —yoly =op(1).

Proof of Lemma[C.1. We begin with stating the following standard ULLN for p-mixing se-
quences, see e.g. [Davidson (1994), for which Assumption and suffice.

(1) supser |4 32021 Zii (V) Zej (%) = E[Zi (7) Zi ()] | = 0p (1)
(i) supyer | Simy €2 (v)| = op (1) .

These will be cited as ULLN hereafter.
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We begin with the consistency of 4. Recall that the least squares estimate of « for a given

~ is the OLS estimate and construct the profiled least squares criterion St (), that is,

1

Sr(1) = Sr@().1) =Y (- P()Y
= (¢ (L= P()e+200Xo (I — P (1)) e+ 84X (1~ P (3)) Xo).

where e,Y, and X are the matrices stacking &;’s, y,’s and x}14’s, respectively, and P () is
the orthogonal projection matrix onto Z; ()’s.

Let 7 be an estimator such that
St (3) < St (%) +op (T7%%). (C.1)

Then, by Lemma the ULLN for 7= S°7_ | Z; (v) Z (7)’, the rank condition for EZ; () Z; ()’
in Assumption |3 (iii), the fact that P (y9) Xo = Xo,

0 > T*(Sp(3) —Sr (1)) —op (1)

2¢
= T (¢ (P (o) ~ P@))e+20X0 (P (20) ~ P @) e + 8 X4 (P () — P (3)) Xodh)

1 _
= op(l)+ de)Xé (I — P (7)) Xodo,
= op (1) + Edyz,)dol; — (Bdyz: 1,7 (7)) (BZ: () Ze (7))~ EZ () Liwhdo.

A®)

However, the term A (¥) is continuous by Assumption [11| and has maximum at 7 = 7y by
the property of the orthogonal projection, and Edyzz;dol; — A(y) > 0 for any v # o due to

Assumptions and Finally, the compact parameter space yields the consistency
of 4 by the argmax continuous mapping theorem (see, e.g., van der Vaart and Wellner| (1996,

p.286)).

Turning to @, note that

0 > Sr(a,7)—Sr(ao,v)

= Rr(a,7) — Gr(@,7) + Gr (a0, %), (C.2)
where
1 T
Ry (a,7) = 7 > (2 () @ = Zi (v0) @)
) t;l
Gr (a,y) = T Z etz (7) @
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First, note that

Rr (o, 7)—R(a 20)

(a— o) Z Zt VZi (v) —EZ () Zy ('y)/) (a0 — ap)
t:l
T
2D (@160) 1 () — 1 (o)l — E (2 [10 () — 1 (30) (C3)
t=1
25! & '
+ 23 [ (1 () = 1(30)) Ze () = E [ (1 () = 1 (30)) Ze ()] | (@ = a0)
t=1

= op(1)(|a — ap|3 + | — ap|z) uniformly in y € T,
by ULLN. Similarly,
Gr (o, 7) = Gr (a0, %)
o T
=7 Z€tZt (7) (@ = ) Z erx;00 (1t (v) — 1¢ (90)) » (C.4)

t=1
=op(1)(Ja — apl2) uniformly in vy € T’

Combining these results together implies that
R(@,7) < op(1)(|a — aols + @ — aol3).

Then, combining this result with the proof of Theorem implies that & — ag = op(1) as
(A-6) shows that R is bounded below by some positive constant times | — a|3. I

C.1.2 Rates of Convergence

To begin with, we assume ~ belongs to a small neighborhood of ~y due to the preceding

consistency proof. It is useful to introduce additional notation. Let 1;(y) = 1{f/y > 0}

while 1; = 14 (79). Similarly, let 1, (v,5) = 1{f{y <0 < f/7}. Clearly, 1; (v) = 1, (0, 7).
Define

Hy4(7) := eraydo (1t (7) -1 (7)),
Ha4(7y) (%50) 11 (7) — L (90) 15
Hz1(7) = (2300) (11 (v )— L (70)) Zij (7)),

where Zy; (y) is the j-th element of Z; (7). For the simplicity of notation, we suppress the

dependence of Hz(y) on j. We first state a lemma that is a direct consequence of Lemmas
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[H.1] and [H.2 for an easy reference.

Lemma C.2. There exists a constant Co > 0 such that for any n > 0,

sup
Y=yl ST~ 120

i ] o3
T
; {Haz (v EH2,t(’Y)}‘ =0Op <T11+90> ,

Z{Hkt EHk,t(v)}‘ =0T 2% |y =0l

sup
[v—70ly<T—1H20

su
T- 1+2<”<|7 Yoly<Co

1
=0r (1)
Lemma C.3 (Rates of Convergence). Let Assumptions[1],[11] [, and[f hold. Then as T — oo,

~ 1 N 1
|a — agly, = Op (\/T) and |y —~oly = Op <T12%0> i

Proof of Lemma[C.3 The proof is based on the following two steps, which will be shown

where k =1,2,3.

later.

Step 1. As T — o0, there exist positive constants ¢ and e, with probability approaching one,
R(a,7) > cla—aol3 + T |y = 0ly,

for any a and 7 such that |a — ag| < e and |y — y9| < e. Recall R(a,7) is defined in (A.3]).
Step 2. There exists a positive constant n < ¢/2 such that

1 1
|Gr (a,7) — Gr (g, 70)| < Op (\/T> la — agly + 1T 72 |y — 70|y + Op (T> (C.5)
1
IRT (a,7) — R (e, 7)] < nla— a3 + 0T 72 |y —ly + Op | = ) » (C.6)
T

where the inequalities above are uniform in o and v such that | — ap| < e and |y — y| < e,
in the sense that the sequences Op (-) and op (-) do not depend on « and ~.

Given Steps 1 and 2, since
R (av ;y) S |GT (aa /’?) - GT (040, 70)‘ + ’RT (aa/’?) -R (a>:7\)| )
we conclude that

,\ 9 1~ 1 - 1
(e 20) (@ - a0 + T [~ ) < 0p (=) e - ok +0p (7). (€D
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That is,
~ 2 1 ~ 1
a—agly <Op JT la — aoly + Op T)°

~ 1 ~ 1
a—agly =0Op <\/T> and thus [y — 70|, = Op <T1—2<P> .

implying

Proof of Step 1. Due to Assumption[dand then Assumption[I1]we can find positive constants

¢, cg such that

E (2400 (1 () — 1¢ (%)) ? = T"2CE 1, (7) — 1¢ (70)]
> cgT ™% |y — 0l .-

More specifically, we need to show that there exists a constant ¢ > 0 and a neighborhood of

7o such that for all v in the neighborhood

G()=E[1:(7) =1 ()] > cly =0l -

Note that f{vo = u; and the first element of (v — ) is zero due to the normalization. Then,

G(y) =P{—fo (72— v20) Sue <0} +P{0 < up < —f3 (2 —20) } -

Since the conditional density of u; is bounded away from zero and continuous, we can find a
strictly positive lower bound, say ci, of the conditional density of u; if we choose a sufficiently

small open neighborhood € of zero. Then,

P{—f3 (v2—v20) S ue <0} > 1 (f5, (2 — v20) 1{f3 (v2 — 720) > 0} 1{| fo,| < M}),

where M satisfies that max |y — 49|y M belongs to e. This is always feasible because we can

make max |y — Yo, as small as necessary due to the consistency of 4. Similarly,

P{0 < uy < —f3 (v2—20)} > 1B (= far (2 — 720) 1 {5 (72 — 720) < O} L{|foe| < M}).

Thus,
G (7) = a1E (| 3 (v2 — v20)| L{| 2| < M}) = ea |y — 0l

for some cy > 0 because

ﬁglE (|| L{[f2e| < M}) >0

for some M < oo due to Assumption [4
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Next,
2
E(Z:(7) (0 — )" > 1 |Oz—a0§,

due to Assumption

Also, note that

|E (2360 (1t (7) = 1t (70))) Ze ()" (@ = )|
< T_“’E[ |ido] 14 (v) = 1 ()| 12¢ ()3 | = 040\2}

< 2T %?|dg|2CoCr |Y — Yoly | — gy,

where the second inequality comes from Assumption and Assumption Combining
the inequalities above together yields that

R(e,7) =E(Z () (@ — ag))” +E (2460 (1t (7) — Lt ()
+2E (2480 (1t (7) — 1t (90))) Ze (7 (a — axg) (C.8)

> |la— Oéo!% +coT ™2 |y — Y0ly — C2T ™% |7 — Yoly | — 0y

where Cy = 2|dy|2CoC1.
We consider two cases: (i) ¢1 |a — agly > 20T~ |y — y|y and (ii) ¢1 |a — agly < 2C2T 7% |y — 0l -
When (i) holds,

R(a,v) > %1 o — aply + coT ™ |y — Yol -
When (ii) holds, we have that
CoT ™% |y — yoly v — a5 < 201_1022T*2“" Iy — fyo\g .
Then under (ii),

coT ™2 |y — Y0l — CoT ™% |y — 0l5 | — o)y
> T2 |y —y0ly [co — 2671 C3 |7 — 0]5] -

Thus, as long as |y — vol, < coc1/(4C3), we obtain the desired result. This completes the
proof of Step 1 by taking ¢ = min{co, ¢1}/2 since |7 — 70|, = op (1) by Lemma |
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Proof of Step 2. To prove (C.5|), note that as in (C.4)),

2 Gr (0,7) — Gr (a0,70) (C9)

g etZy () (o — ap)

1 _ 1
=0Op (\/T) ‘a —042’2 +nT 2 ‘7 _’YO|2 +Op <T>

for any 0 < n < ¢/2, by the MDS CLT and Lemma for the first term 7'~1/2 ZtT:1 et 2y (7y)
and by Assumption for the second term T—! Zthl erx0o (1 (7) — 1t (90))-
We now prove ((C.6)). Note that for any 0 < n < ¢/2, as in (C.3)),

1 T
{0 svid (14 (7) — 1, <vo>>‘
t=1

Ry (a, ) — R(a 7 (C.10)
(v — ) / 1 Z Zt ) Zi () —EZ (v) Zy (’y)/) (o — ap)
o t:l
TZ 2400)° |1 () — 1¢ (0)] — E (400)* 1¢ (7) — L¢ (0))]
t=1
T
%256 [z (1 () = 1t (90)) Ze () = E e (1¢ () — 1t (0)) Ze (M) (@ — o)
RGP

by ULLN for the first term and by Lemma[C.2]for the second and third terms. This completes
the proof. 1

C.1.3 Asymptotic Distribution

Proof of Theorem[3.1. Let rp = T'"2¢, a = VT (o — ap) and g = r7 (7 — 7). To prove the

theorem, we first derive the weak convergence of the process

Kr (a,9) =T (Sr (a0 +a-T7/% 50 +g-r7") =S (c0.70))

over an arbitrary compact set, say AG, and then apply the argmax continuous mapping

theorem to obtain the limit distribution of & and 7.

Step 1. The following decomposition holds uniformly in (a, g) € AG:

Kr (a,9) = Kir (a) + Kar (9) — 2Ksr (9) +0op (1),
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where

Kir (a) := a'EZ; (70) Zt (y0) a — —= ZatZt )’ a,
Kor (9 ):T‘E[ﬂcﬁo 1L (vo+g-rr )—175”7

Kar (g Zetxtéo L (o+g-rp') = 1e).
t=1

Proof of Step 1. To begin with, note that (C.10) and Lemma together imply that

T- [RT <a0+a-T_1/2,70+g-7“;1) —R<a0+a-T_1/2,’Yo +9'7“C;1)}

(C.11)
= op(1) uniformly in (a,g) € AG.
Recall and write that
T.R(a0+a-T*1/2,yo +g-r;1)
o -1 -1y
_aE[Zt(70+g r) Ze (Yo + g rT)]a (C12)
+T-E (160)” [1L{f (o +9-77") >0} = 1{f/0}]
+oT/2 K (113450 (1t (fyo +g- r;l) -1 (70))) Zy (70 +g- r;l)/a.
Then, due to Assumption [4]
d {E [Zt (o+g-77") Z (o +g- r;l)’} —E[Z () Z (0))] } a=op(l), s

/

T1/2 -E [(I;(SQ (]-t (’)/0 + qg- 7";1) - ]—t (’)/0))) Zt (’)/0 + qg - T;l) ] a = Op(l)
uniformly in (a, g) € AG. Then combining (C.11)-(C.13) yields that

T-Rp <a0+a-T_1/2,70 —I-g-r:FI)

= d'E[Z: (0) Ze ()] a+ T -E (00)° |1 {f] (o + g-771) >0} =1 {flo}| (C14)
+ op(1) uniformly in (a,g) € AG.

We now consider the term T [GT (ao +a-T Y2y +g- 7“1?1) — Gr (ap, 70)]. First, note
that due to Lemma

T
Z [Z: (vo+9-7r7") = Zi (30)] a = op (1) (C.15)

3\
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uniformly in (a, g) € AG. Then, recall (C.4)) and write that
T {GT (ao ta-T Y2 y+g- 7‘51) - Gr (0407’70)}

T T
2
= T Z&tZt (70 +g- r;l)/a + 225@250 (1t (’yo +g- r;l) -1 (’yo))
Ti= t=1

T T

2 _

=77 S aZi(v0) a+2> aido (L (o +9-17") — 1 (0)) +op (1), (C.16)
t=1 t=1

uniformly in (a,g) € AG, where the last equality follows from (C.15)). Then Step 1 follows

immediately recalling the decomposition in (C.2)) and collecting the leading terms in (C.14))

and (C.16). u

In view of Step 1, the limiting distribution of a is determined by K;7 (a). That is,

T
-1 1
a=[EZ;(v0) Zt(w)]  —= ) etZ: (v0) +op(1).
[ 7 ;
Then the first desired result follows directly from the martingale difference central limit
theorem (e.g. Hall and Heyde, 1980).
Step 2.
90 1~ d . 2
T4 (5= 20) < axgminE [ (a1do)” [ 19| Py 0)] +2W (9),
g€

where W is a Gaussian process whose covariance kernel is given by H (-,-) in (3.1) and
Q:{geRd:91:O}.

Proof of Step 2. The distribution of g is determined by Kor (9) — 2Ks7 (g). For the weak
convergence of Ksr (g), we need to verify the tightness of the process and the finite dimen-
sional convergence. The tightness is the consequence of Lemma since for any finite g and

for any ¢ > 0,

P{ sup |Kar (9) — Kar (h)| > C}
|h—g|<e

1 B c
\/T;&xtdO(lt (7) =1 ()] > 2\/TT¢}

=P sup
[Y—l<e/rr
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< C

which can be made arbitrarily small by choosing € small. For the fidi, we apply the mar-
tingale difference central limit theorem (e.g. Hall and Heyde, 1980)). Specifically, let w; =
Vrrerxydoy (1t (fyo +g- r;l) — lt) and verify that max; |w;| = op (ﬁ) and that % Zthl w?
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has a proper non-degenerate probability limit. However, T~ 2Emax; w} < T 'Ew} since

maxy |a;| < Ethl |a;| and w; is stationary. Now,
T 'Bw} = T12E |:(€t:L'2d0)4 ’115 (vo+g- 7‘;1) - 1,5’] <CT Yrp=o0(1).

Furthermore, %Zthl (wf — Ew?) = op (1). The limit of Ew? will be given later while we
characterize the covariance kernel of the process Ksz (g).
To derive the covariance kernel of K (¢) and the limit of Koz (g), we need to derive the

limit of the type

im mBEn? [1{f] (o +s/m) > 0} = 1{f] (3o + g/m) > 0}

for some random variable 7; given s # g. We split the remainder of the proof into two cases.

Remark C.1. In the meantime, we note that this proof also implies that the covariance
between the second term in Kjr(a) and Ksr(g) degenerates, which implies the asymptotic

independence between two processes.

Recall that v; = 1. With this normalization, we need to fix the first element of g in
Koz (9) and K37 (g) at zero. Thus, we assume g € R9~! with a slight abuse of notation and

introduce u; = f{7yo and

h ((nt7ut7 th))g/m) - ntl {Ut + fétg/m > O}

for ¢ € R4 and some random variable 7;, which will be made more explicit later. Then,
the asymptotic covariances of the process Ksr (¢g) and the limit of Kop (g) are characterized

by the limit of the type

L(s,g) = lim mE (h(-,s/m)—h(-g/m))?,

m— 00

for g,s € R4, That is, for the asymptotic covariance kernel H (s, g) of Kar (g), set n; =
xydoes, which is a martingale difference sequence to render Eh (-, g/m) = 0, and m = T'72%.
Then,

H(s,g) = cov(Kor (s),Kor (g)
= B ((h(/m) —m > 0)) (b ( g/m) — il (e > 0})
= (L6504 L(5,0) = L(s,9)).

since 2ab = a? + b — (a — b)* and h(-,0) = 01 {u; > 0}. On the other hand, the limit of
Ko7 (g) will be given by L (g,0) with n = x}dp.
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Note that

L(s,9) = lim mEn}|1{u+ fys/m >0} —1{w + f5,9/m > 0}|

m—r 00

= mEntZl {Ut + fors/m >0 > uy + fétg/m}
+mIE77t21 {ut + fhg/m > 0> u + féts/m} .

Furthermore, let p, s, () and P denote the conditional density of u; given fo; = f2 and the

probability measure for fo;, respectively, and note that
2 / !
mEn;1 {us + fys/m >0 > us + fo9/m}
= //E [nf\w/m, ] 1{=fo9 > w > —fos} pys, (w/m) dwd Py

5 /Epmahweﬁg+ﬁ$uﬂg<ﬁ@mbwwmh

where the equality is by a change of variables, w = m - u and the convergence is as m — oo

by the dominated convergence theorem (DCT). This implies that

L(s,g) = / E [0, 2] |fbg — £55| P, (0) dPs.

In the special case where zjg < 0 < 2;s almost surely, L(s,g) = L(s,0) + L(g,0). This
happens when f; = (¢, —1) and thus z; is a constant given w;.

Therefore, putting together,

_ —~ d . 2
T'"22 (3 — ) — argmin E [(xido) | f19| Puy) th(O)} +2W (g),
g€R?:g1=0

where W is a Gaussian process whose covariance kernel is given by

H (s,9) = 5E [ (xido)? (|flg] + |Fis| ~ 7 (9 = 9)]) Pt ©)]

|
Step 8. Asymptotically, a and g are independent of each other.

Proof of Step 3. This is straightforward due to the separability of K into functions of a and
g, and due to Remark that addresses the independence between the processes of a¢ and

g9- 1
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C.2 Case 2: Iterative Approach

The proofs for the iterative approach are similar to those in the previous subsection but with
some different details. For the completeness of the proofs, we provide full details for this case

as well. In particular, we prove Theorem through the following claims.
Claim 1. 39 -2 ~ for the approximate estimate 3° = argmin, e, St (7).

Claim 2. For a given =, let

a () = argmin Sy (o, 7) .

«

Then, for any 7 - 7o,
¢ (@ (y) — ao) = op (1).

Claim 3. For a given «, let

7 () = argmin St (o, 7) .
~vel

Then, for any & = g+ op (T~%),
(@) — 20 = Op (T7429).

and
F (@) =7 () = op (T711%%)..

Claim 4. For 7 =y + Op (T~172¢)

& (%) = @ (10) + op (;T)

Claim 5. Derive the asymptotic independence of 712 (3 (&) — o) and VT (& (7) — a)

and their marginal asymptotic distributions.

Then, for our iterative estimates, we can easily note that a° = a @0) fulfils the conditions

for claim 2 and 7! does for claim 3 as 3! =7 (ao) , while a' fits to claim 4 as a' = & (;y\l)

Proof of claim 1. It is sufficient to show that 7° satisfies (C.1]) in the proof of Lemma
Repeating the argument using Lemma [C.2] and the ULLN for the preceding derivation, we
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can observe that for any ¢ > 0 there exists Ty < oo such that for all T' > Tp,

St (7) = St (70)
= min Sy (y) —=S7 (y) < max [Sy(y) — St (y0)]

7€lr =0l <t
B % o le' (P (v0) — P (7)) e+ 260X0 (P (70) — P (7)) e + 86X4 (P (v0) — P (7)) Xoo|
1 T L 72
< Or (ﬁ) +0p (ﬁ) +op (I7°°) + 0 (T*)
= op (T*Q“’) 7

where the first inequality is due to the construction of the grid I'r and O (T _25"0) in the last
inequality is due to the ULLN for and the continuity of plimy_, . dy X\ P (7) Xodo at v = 7o
due to Assumption [3| (i), while the last equality follows from the fact that c is arbitrary. i

Proof of claim 2. By the ULLN and Lemma
T

T -1 1 1 I
a(y) —ag_< Z > (TZZt(’Y)EH—TZZt(V)!T%(SO(lt(V)—1t)>

t=1 t=1

=0p(1) (OP (\/T> +O0p (T |7 = Y0ly) + EZ; (v) 2460 (14 (7) — 1t)> ,
(C.17)

where E | Z; () 2300 (1¢ (7) — 14)| < O (T~% |y — 70ly) by Assumption [11f (i) and (3| (i). Then
the result follows by setting v = 7 2 ~o. I

Proof of claim 3. Note hat for v =7 (&)
0 > (Sr(a,v)—5Sr(d,))

T T
51 g2 5
= Tz wlle() ~UT - 53 e (i)~ 1)

(@ — ap) (70) 2} (14 ( )—1t)§,

IIMH

;2
T
Then, by the ULLN and the condition for &,

% (St (@,7) =St (d,70)) = E (dye) |11 (7) = 1e| = 0,

uniformly over v € I' and the equality holds only when v = ¢ by Assumption [11] (ii). Since
the limit is continuous by Assumption |11{ (i), the argmax continuous mapping theorem yields

the consistency of 7 (&).
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For v =7 (&) in a neighborhood of 7y, we show that there is ¢ > 0 such that
0 > (S () —Sr(d v))

- T
L1 ¢ 2 5
= 5IT E zexy |1y () — 1| 0 — T § :575‘73:‘/(1'5 (v) =100

(@ — ap) (70) 2} (14 ( )—115)5

IIMH

E

T
1

> Op (T> + T2 |y — o, (C.18)

where Op (-) is independent of 7. Specifically, we apply Lemma to the three terms to get

T
1 1 _ _ 2
56? thﬂc/t 1t (v) = 1eldo = Op <T1+<P> +100lo 1T Iy = y0ly + T72%E (doe)” 14 (7) — 1
=1

v

1 _
Op <T> + T |y — 70l,,
where the last inequality follows since n is arbitrary while

E (dge)”[1e (7) = L
= E[E[(dee)*1fi =] (1 {fir <0< firo} +1{fin0 <0< fi2})]
> Cly—10ls,

for some C' > 0, due to Assumption 4| and Assumption |3| (i). Similarly, we deduce
2 & 1
T Z ey (1¢ () = 1¢) 6o = Op (T) + 0T [y =0, (C.19)

T
;2 _ 1 _ _
(@ — ap) TZ (Y0) #; (1¢ (7) — 14) o = op (T7¥) <0P<T)+77T 2¢|7—70\2+T¢\’Y—70|2>7

(C.20)

where 7 can be arbitrarily chosen. Therefore, combining these results with 6 = &+ op (T~%)
yields the desired lower bound in (C.18) and thus 7 (&) = 7o + Op (T~ '2#). Furthermore,
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(C.19) and (C.20) imply that for any K < oo,

sup ISt (&, v) — St (&, %) — (St (0,7) — St (@0, 70))|
[y=70|<KT—1+2¢

T
<o |(5=00) 5 X et 11 (7) — 1o
t=1
. 11 & .
v (5—50) fot:UHlt(y)—ltwé—do)
t=1

= op (T_l) 5 (021)

+ op (T_l)

by reiterating the argument for (C.20]). However, Section 3| shows that T1=2¢ (3 (@) — o)
and T172¢ (3 (ag) — 7o) are asymptotically equivalent to the argmin of the weak limit of
T (St (@, 70+ g- T %) — Sy (d,70)) and that of T (St (o, y0 + g - T'*) — St (a0, Y0))
respectively. Therefore, the difference between the two processes are op (1) due to ,
implying that 7 (&) =7 (ao) + op (T-1122) . &

Proof of claim 4. From ((C.17)) in the proof of claim 2, it is sufficient to show that

T -1
(é PFACES w)’) 2, (B2 (0) Z (o))
t=1

which follows from the ULLN, the continuity of EZ; () Z; ()" and the consistency of ¥;

1 o 1 «
ii) \/TZZt(’V)??t_\/T;Zt(’)’o)€t+0P(1)7

t=1

which follows from Lemma (iii) % Zle Zy (V) 2300 (14 (F) — 1¢) = op (T’1/2) , which also
follows from Lemma and E|Z; (v) ;00 (1¢ (v) — 1t)| < O (T~% |y — 70ly) as shown in claim
2. That is, we have shown that a (¥) — ap = a (y9) — oo + op (T_1/2) . |

Proof of claim 5. It can be proved using arguments identical to those used in Section[C.1.3 1

D Proof of Selection Consistency in Section

Proof of Theorem[{.1]. For a given ~, let

=1 i(yt—mtﬁ )~ dF ()1 (> 0})’

63



and
Qr(y) =Qr () + Ao,

~ o~ !/
where a(v) = (B (7)',5(7)') is the OLS estimate of « for the given 7. The former is a

profiled criterion function of the original criterion. Define
5 = aug min@r(1).
Our proof is divided into the following steps.

Step 1. Show that Sy C S(7) with probability approaching one.
Step 2. Show that min..g(,)=s, Qr(7) < min, Qr(y) + Op(T1).

Step 3. Show that for T'y := {7 : So C S(v), S0 # S(v)},

min Q - i Q > \/2
min Qr(v) Lghin Qr(v) > A/

with probability approaching one.

Now suppose Sy # S(7). Then by step 1, 7 € I'y, then by step 3,

Qr(¥) > min Qr(y) > Jpin Qr(y) + /2,

which contradicts with the definition of 7. Consequently, we must have Sy = S(¥) with
probability approaching one. I

Proof of Step 1. Let o* (v) = (EZ (v) Z: (7))  EZ: (7) Zt (v0)' 0. Also let
QM =E(y -2 () o (1)’ =" +E (0" (1) Z (7) — ahZ: ()"
Then, by the ULLN and the CMT and the fact that A — 0, uniformly in v,
a()—a (y)=op(1), Qr(m)-QR) =op(1).
Also, a*(y9) = ap implies Q(7p) = o2 and
Q) = Qr(3) + op(1) < Qr(0) + 0p(1) = Q(y0) + op(1) = o + op (1).
On the other hand, for Ty = {7 : Sy € S (v)}, due to Theorem [A.1

min E (a* (1) 24 (7) ~ 0 Z (10))” > 0.
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So minyer, Q(y) > o2. This implies 7 ¢ I'y, thus Sy C S(§) with probability approaching

one. 1

Proof of Step 2. Uniformly over pairs (y1,72) in a shrinking neighborhood of 7, (Bco(y0) =
{l7 = 70l2 < CT~1729)} for any C > 0),

Qr(m) — Qr(v2) = BRr(m) — Rr(72) + Gr(y2) — Gr(n),

where Rr(v) = 7 Y,[Z:i(7)'@(y) — Zi(y0) ao)® and Gr(v) = % 3, &1 Zi(v)a(y). Note that
SUD, e 5o (o) 12(Y) — aol2 = Op(T~Y/2), sup. c (o) 1R (7)| = Op(T7"), and
SUDs, o€ Be (v0) |Gr(m1) — Gr(y2)| = Op(T1). Therefore,

sup  [Qr(n) — Qr(12)| = Op(T71).
Y1,72€Bc (70)

Let 71 and 72 respectively denote the argument of ming(,)—g, Qr(vy) and min, Qr(y).
Then for both j = 1,2, Q7 (7;) < Qr(70). Then it follows from the proof of Theorem that
i — Y = Op(T~(1-20)), j=1,2. As a result,

0< min  Qp(y) —minQr(y) = Qr(1) — Qr(32) = Op(T).
7:8(7)=So v

Proof of Step 3. Let I'y := {7 : So C S(7), S0 # S(7)}. Then we have

min Q — min Q > min + A min — min Q
vE€Ly Qr(v) 7:S(7)=5So Qr(v) = v Qr(y) Y€l o 7:S(v)=5So Qr(y)

—(2) s . . . .
min Qr(7) siain QT(V)‘*')\WI?I%W‘O Alvolo

7)=50
>® Op(T™1) + A
> ) /2 (with probability approaching one)

where (1) is due to miner, Qr(y) = min, Qr(y) + Aminer, [7lo; (2) is due to the fact that

arg Min..g(,)=s, Qr(y) = arg min..s,)—=s, Qr(7), and |v|o = |yolo for all v € {v: S(y) = So};
(3) is due to step 2 and miner, |7|o — [v0lo > 1. Finally, (4) is due to TA — oco. §

D.1 Selecting Relevant Factors via Iterative Estimation

In this subsection, we provide an detailed explanation of the iterative algorithm for selecting

relevant factors in Section Ml
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[Iterative Estimation with Factor Selection]
1. (Grid Construction) This step is the same as before.
2. (Initial Joint Estimation) This step is the same as before.

3. Iterate the following steps (a)-(c), beginning with k£ = 1 and terminating at a prespec-
ified number K.

k—

(a) For the given @*~!, obtain an estimate ¥ via the mixed integer linear optimization

algorithm

T

o1 S k1N Tk -
min —Z{(mé&k D2 2y — ) B o" 1}dt+)\z em
'yeF,d,e t=1

m=1
subject to (2.10]) and (4.3).
(b) For the given 3%, obtain
-1
~F 1 ~F ~&\’ 1 ~k
=23z (3) 4 ()| 7223w
t=1 =1

(c) Let k=Fk+ 1.

(d) Finally, re-estimate the model with only selected factors.

In steps 1 and 2, it is necessary to use a grid for T without factor selection; on the other
hand, in step 3(a), factor selection is implemented via the £p-norm penalized estimation given
the initial estimator of crg. The following theorem establishes the factor selection consistency.

Its proof is given in Section

Theorem D.1. Let Assumptions [3, and[{] hold. Suppose AT — oo. Let 5 denote the

estimator of v using the iterative procedure described above for any K > 1. Then,
P{S(®) = S0} — 1.
Proof of Theorem[D.1. For a = (3,9), let

1
T

T
S (e — 248 — w01 {fiy > 0})°.

t=1

St (a,7)

We prove the theorem by proving the following claims.
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Claim 1. 7° 2, o for the approximate estimate 3° = arg min, cp, ming Sy (a, 7).

Claim 2. For a given 7, let
a(vy) = argminSy («a,7) .
«

Then, for any ¥ 2, Y05
77 (@ (7) —ao) = op(1).

Claim 3. For a given «, let
¥ (@) = argmin St (o, 7) + A[7]o
vyel’
Then, for any & = ag +op (T7%),
Y (@) —~0 = Op (T71F%%),
and with probability approaching one,
Sy (@) = So.

Claim 4. For ¥ = 79 + Op (T‘HQ‘F’) , and S(¥) = Sy with probability approaching
one,
-ees0n (4]
Q = — .
Y 0 P JT
Then, for our iterative estimates, we can easily note that a° = a (70) fulfils the conditions

for claim 2 and ' does for claim 3 as ' =75 (@) , while @" fits to claim 4 as @' = a (7).

Proofs of Claims 1 and 2. The proofs of Claims 1 and 2 are the same as those given in Section

C2 n

Proof of Claim 3. Given o = g + op(T~%), we divide the proof in the following steps.

Step 1. Show that Sop C S(7(«)) with probability approaching one.

Step 2. Show that for Bo(y) = {|v — Y0l2 < CT~(1=29)} for any C > 0,

sup  [Sr(e,m) — Sr(a,y2)| = Op(T7).
Y1,72€Bc (70)
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Step 3. Show that for 41 () = arg ming(,)—g, St(c,7) and F2(a) = arg min, Sr(«, ),
3j(@) =0l = Op(T~1729)), j=1,2.

Step 4. Show that min,.(,y—s, Sr(a,7) < min, Sr(a,v) + Op(T71).

Step 5. Show that for I'y := {7 : So C S(7), 5 # S(v)},

min S o,7y) — min S a,y) > A\/2
minSp(e,y) = min  Sr(e,7) > A/

with probability approaching one, where
Sr(a,v) =St (@, 7) + Alylo-
Now suppose Sy # S(7(«)). Then by step 1, ¥(a) € I'p, then by step 5,

Sr(e,7(e)) > min Sp(a,y) >  min  Sp(e,7) +A/2,
r(@, (@) 2 minSr(a,y) > min  Sr(e,7) + A/

which contradicts with the definition of ¥(a) := argmin, gT(a,v). Consequently, we must

have Sy = S(7(«)). In addition, given Sy = S(§(«)), we have

Y(a) :=arg min Sr(a,v)=arg min Sr(a,v) =31(a),
V(a) i=arg min, Sr(a,y) = arg min Sr(a,7) =5i(e)

where 71 () is defined in step 3. Thus by step 3, |7(a) — vola = Op(T~(1=29)).

Proof of Step 1. Let
S(,7) =E (3 — Zi(1)a)” = 0* + E (o Z (7) — apZ: (0))”
Then, by the ULLN and the fact that A\ — 0, uniformly in -,
St (,7) = S(@,7) = op (1).
and due to a = ag + op(1),
S(a, F(@)) = St (a, 7(a)) + 0p(1) < Sr (o, 70) + 0p(1) = S(a,70) + 0p(1) = 0 + 0p (1)
On the other hand, for I'y = {v: S0 £ S ()},

minE (' (7) = 0 Z ()" = op(1) + min E (aZ: (7) — aZ ()" > 0.
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So minyer, S (a,7) > o2 This implies F(a) ¢ ', thus Sy C S(§) with probability approach-

ing one. 1

Proof of Step 2. Sr(a, 1) — Sr(a,72) = A(y1,72) + B(71,72) + C(71,72) where, due to a =
ag + op(T~%), uniformly for 1,72 € Be(),

A, r2) = ;;x:tégt(l{ft/’m >0} — 1{fim > 0})
= ?P(T_l) + Op(T7*?)[Iy — Yol + [v2 — 70l = Op(T™H);

B(w,m) = 7 zt:xifs(l{fhz >0} = 1{fim > 01)[Ze(10) = Ze(n) + Zi(0) = Zi(72)] o
< 0p(T2) 2 S S > 0}~ 1{ff > 0}
= Op(T*)(Im _ Yl + [72 = 0l) + Op(T =12 = Op(T71);

Clmy) = = > @i 6(1{ fira > 0} = 1{fim > 0P[Ze(n) + Zi(72)]' (0 — @)
T t

< op(T) 5 S B im > 0} — 1{ffe > 0}] = Op(T7).
t

Proof of Step 3. By definition,

ST(O[,’A}/JJ‘(O()) < ST(OZ,’YO), ] = ]-a2

Therefore, the same proof of claim 3 of the iterative estimation method carries over, which
yields [3j(@) =0l = Op(T~(72)), j=1,2. 1

Proof of Step 4. This step follows immediately from steps 2 and 3. I

Proof of Step 5. Given step 4, the proof then follows from a very similar argument of Step 3
in the proof of Theorem So we omit the details. &

Proof of Claim 4. Given that ¥ = v + Op (T"'*2%) and S(¥) = So, the proof is the same
as that of Claim 4 in Appendix for the iterative estimation. So we omit the details. I

E Proof of Asymptotics in Section [5; Estimated f (Joint Ap-
proach)

Similar to the case of known factors, the estimators of («, ) are defined using two approaches:
one is the joint approach based on the MIQP and the other is the iterative approach based
on the MILP. We split the proofs into two parts: the case of the joint approach and that of
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the iterative approach. We give the proofs for the joint approach in this section and those

for the iterative approach in the next section.

E.1 A Roadmap of the Proof

Due to the complexity of the proof, we begin with a roadmap to help readers follow the steps

of the proof.

Step I. We first prove a probability bound for |ﬁ — ﬁ\g in Section where

hy

fo=Hpg + H’Tﬁ
Step II. We then replace the PCA estimator ﬁ in the objective function Sr (v, )
with its first-order approximation ft, and show that the effect of such a replacement

is negligible for the convergence rates of the estimators we obtain in the later steps in

Section [E.3.3l

Step III. We show the consistency of estimators. To do so and to derive the convergence
rates in the later steps, we use the alternative parametrization ¢ = Hp7y, which helps us
derive various uniform convergence lemmas. Note that the reparametrization is fine for
the consistency and convergence rate results of the original parameter estimates since

Hr is nonsingular with probability approaching one.

Step I'V. We then decompose the objective function into the following form:
St (a, Hp'¢) — St (a0, Hy ' ¢0) = R (e, ¢) + G1(¢) — Clav, ¢),

where Rp(+,-) and G1(+) are deterministic functions and C(-, ) is a stochastic function.
The formal definitions are given before Lemma Then as S (a,”) —Sr (a0,70) <0,
the decomposition yields: for ngb = Hr7,

Cla — aol3 + C1(9) < C(@, §) (E.1)

where Ry (o, ¢) is lower bounded by C|a — ap|3 uniformly. Then, Lemmas and

~

establish uniform stochastic upper bounds for C(a, ¢) through maximal inequalities.

Step V. Next, we derive a uniform lower bound for Gi(¢) over ¢ near ¢y and over the
ratio v N/T'72¢ in Lemma In particular, Gi(¢) has a “kink” lower bound:

- C
G1(¢) >CT 2‘p|¢ - ¢0|2 - m-
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These bounds lead to the rate of convergence:
@~ aolz = Op(T 2 £ N"VIT %), [§ = gola = Op(T~ 1729 4 N71/2),

These bounds and the rates are sharp in the case v N/T'72¥ — oo, and are identical

to the case of the known factor.

Step VI. It turns out the lower and upper bounds for G;(-) and C(-) are not sharp when
VN /T2 — w < 0o. We then provide sharper bounds for these terms. In particular,
obtaining the sharp lower bound for Gq(-) is most challenging and involves complicated
expansions. We establish in Lemma that it has a quadratic lower bound with an

unusual error rate:

1

Gi(¢) > CT *VN|p— ol3 - O(W

).

These lead to a sharp rate for (}5,/7\ in Proposition in the case of w < co.

Step VII. Finally, we derive the limiting distributions for & and 7. This involves utiliz-
ing the convergence rates we obtained through the preceding steps to recenter, rescale
and reparametrize the original criterion function, which is parametrized not by ¢ but by
~. Then, we establish the stochastic equicontinuity of the empirical process part of the
transformed process (i.e. centered process) in Section and the careful expansion of
the drift (i.e. bias) part of the process as a function of the limit w = limy 7 vV NT~1+2¢
in Section [E.7.2] Due to the random rotation matrix Hy incurred by the factor estima-
tion, we prove an extended continuous mapping theorem in Lemma to derive the
weak convergence of the transformed criterion function. The remaining step is the ap-
plication of the argmax continuous mapping theorem. The new CMT extends Theorem
1.11.1 of van der Vaart and Wellner| (1996) to allowing stochastic drifting functions G,
(while van der Vaart and Wellner| (1996) requires G,, be deterministic).

E.2 Discussion on Assumption [9|

We discuss the reasons why Assumption [J] presents various conditions on several different
conditional distributions and why those conditional distributions are well defined. A key
technical issue in expanding the least squares loss function, in the unknown factor case, is to
consider the properties of the conditional density of g;¢o, given g;(¢ — ¢o) and (x¢, hy). It is

needed in bounding terms of the form:

E [(2160)*¥ (hydo. gido, g4(¢ — $0)]
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with a suitably defined function ¥. But we should be cautious that such a conditional density
might be degenerated because given g;(¢ — ¢p), there might be no degree of freedom left for
gido0. To address this issue, we observe that by the identification condition, we can write
v = (1,7) = H;lgb, where 1 is the first element of «. Let the corresponding factor be
fo = (futs fou)- Then gi(é — bo) = f{(v—70) = f4(32 — Y02), 50 it depends on f, only through
for. As such, we can consider the conditional density of f/yo given (fa, ¢, hi). Being given
for still leaves degrees of freedom for f/vy, so such conditional density is well defined.

In the lower bound for G1(¢) in Step VI, the problem eventually reduces to lower bounding

E | (2300)°D 101 far e, (0)]97(6 — 60) | 1{Igel2 < Mo}

for a sufficiently large My. We can apply the above argument to achieve a tight quadratic

lower bound C|¢ — ¢o3, so long as the conditional density p £ (0) and the eigenvalues

Yol f2t,2t, e
of E[(z}do)?|gt, hi] are bounded away from zero. In addition, here we also need to upper bound

P(}”\/—% < gi(d— o) < ht—\/%ﬂht) and P(% < g < ’z;%) |ht). This is ensured by the condition

SUP|y|<c Pgjr|zt,ht (u) <M.
When we derive a lower bound for Gi(¢) in Step V, we also need such an argument for

the conditional density of ﬁ = H.g;, where §: = g+ + \?—tﬁ is the perturbed factors, estimated
by the PCA. For instance, we need a lower bound when ¥ =P (0 < g;¢0 < |g;(¢ — ¢0)|). To
derive this lower bound, write ﬁ = (ﬁt, fgt) Then g;(¢ — ¢o) depends on ﬁ only through
fgt. As such, we can consider the conditional density of ]/”;’fyo given (ﬁt, xt), and obtain a

lower bound

E [(2]do)?1(0 < g < [3}(6 — 60))] > inf pp o (m)E [|5i(6 — do)l] > Clé— ol

m,.’E,th

where it is assumed that inf),, . inf > cg > 0. The need for arguments like

907]?22 p]?t'70|]?2t79[»‘t (m)
this gives rise to Assumption [9] (i)-(iv).

E.3 Consistency
E.3.1 A probability bound for |ﬁ — ﬁ\g

The stochastic order of the approximation error of ﬁ—ft has been well studied in the literature
(see, e.g. [Bai, 2003). However, all the existing results in the literature are on the rates of
convergence for ﬁ — ﬁ of a fixed ¢t and for % > |ﬁ — ﬁ|§ We strengthen these results below

by obtaining the following probability bound.

Proposition E.1. Suppose T = O(N). Define

(log T)Q/C1

Ay = T

72



Then for a sufficiently large constant C > 0, and ft Hip(g: + \/»)

P(|f; — fila > CAy) < O(T0).

Proof of Proposition[E 1. The proof consists of several steps. Recall that flt denotes the
K x 1 vector of PCA estimator of g1;. Write e; = (€1, ...,ene)’
Step 1: Decomposition of ﬁ — Hhg

Define K x K matrix Hy, = Vi A ST f1490,Sa, and Sy = L A’A. Also let Vi be the
K x K diagonal matrix whose entries are the first K eigenvalues of YY)’ /NT (equivalently,
the first K eigenvalues of ﬁ > e Y)). We have

6
S~ 1
fie — Hygue = H'TSAINA/&& + Z A d, (E.2)
d=1
where
o1& 1
Ay = Vle}—Zgls—Ee;et,
TS:1 N
ppa . 1
At,2 = V TZ(fls Hé“gls)NEeget’
=1
1 I . 1
Ays = Vp'o Y (fis = Hrgi) 55 (cler = Eeler),
s=1
T

Apg = Vflﬁr}— Zgls(elset — Eeley),
TN po
I~ = 1 &
Ay = Vflf > (fis— H/Tgls)gitﬁ > Nieis,

s=1 =1
T

1 1
Ate = Vo lH’fI’f ZglsgltN Z)‘ Cis-
= =1

Hence for Hy. = diag{H7,1}, gr = (91, 1)', Jo = (Jlss 1), he = (Sy' 22,07, and f; =

H(g¢ + %), we have
6
—fi=0_ A14,0). (E.3)
d=1

Step 2: Bounding = o |f1t Tglt|2
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Note that

N

T

1 ~ ~ 1

fZ\flt—Hc/[’glt’% < 4 Z’Hclr\ﬁ|2+4 Z\V IHTTZQIS Eel el
t=1

t=1

’ﬂ

1
TZU HT913|2(611 + az + a3)
:1

T
1~ 1
87 Z Vi ' Hyp s D gns(eher — Beer) 3
t=1 s=1

1< o1& 1
8 > |VT_1H'TT > N steis}\;gu!%,
t=1 s=1 i=1
where

1 | 1
a =Vp! 2T2 Z |y (o —Eeten)3, a = Vi By YD lanepAesl3
t=1 s=1 t=1 s=1

and assuming ﬁ Zt,ng ZiSN [Eeiteis| < C,

=|Vy ]2maX] L gl et]TQZZ]—Ee el <OV |2
t s=1

Hence for eyp = (1 — a1 — as — as),
1+ = 1 5 1o
7 2| fu = Hrgulsenr < 8- Z |V Hy s Zgls(eget ~ Ecjer)l;
t=1
+4TZ|HT\ﬁ|2+4TZ|V IHTTZgls Ee}esl3

+8T Z |VT71E’%T Z N Z glseis)\gglt‘% (E4)
t=1 s=1 i=1

Next we provide probability bounds for each term on the right hand side below.
Step 3: Proving that TSP(|V: 2 > Cp) + TSP(|Hp|y > Cx) = o(1) for some Cyy,Cy > 0

Let V be the diagonal matrix consisting of the first K eigenvalues of ij/ 2E[gltg’1t]§3}\/ 2,
On the event |V — V]2 < Amin(V)/2,

Vitla = Ania(Vr) <2005 (V) < 2X

min

A A))‘mm (Eglt.glt) C

1’1’111’1(
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We now show TOP(|Vr — V]a > Amin(V)/2) = o(1). By Weyl’s theorem,

1 1 1
Vr =Vl < |57 Zt:ytyé - NAEgltgitA/h <|gA (Eggyy — Zgltgu Al

1.1 1.1
+ghg Douela + 15 S eael ~ Beacl + SIEe:

IN

1.1 C
ClEg1:g); — Zglt91t|2+c\ﬁ nglt erl2 + ( zt:etet Eet@t)‘2+N

C
= b1+bz+b3+ﬁ-

By the Bernstein inequality, for some M, ¢, (,r > 0,

1
TOP(by > Muin(V)/9) = T°P(C|Egughy — = > gughilz > Amin(V)/9)
t
< TPexp(—MT*) = o(1),
1
TP(by > Auin(V)/9) = T°P(C| Z glte;|2 > VN Amin(V)/9)

< CT™ maXE| Zglﬁzt’z
= CT3 max/ — eitlo > 7" )dx
i 0 |\/T;glt t|2 )
< C’T_3/ exp(—Cz~=%)dx = O(T™?),
0

1
TP(bs > Ain(V)/9) = TP(|; Z ety — Ecrjl2 > Nmin(V)/9)

IN

cT~ maXE\ \/» Z (eirejr — Eeireje)|”

cTr max/ ]— Z eirejr — Eegejr)| > o7 ")dx
o T2

v

IN

IN

C’T_3/ exp(—=Cz~%)dz = O(T~3).
0

Hence

IN

TP(Vp ' > Co) < TOP(IVp 2 > Co, [V = Vo < Awin(V)/2)
—I—TGP(’VT — V‘2 > /\min(v)/2)
= TP(|Vr — V]2 > Amin(V)/2)
TGP(bl + by + b3 > )\min(v)/g)
3
T8 P(bi > Auin(V)/9) = o(1).

=1

IN

IN

Now On the event |V 'z < Cy, for Cir > C3C,(2M[)V/2K (recall |Spla < Oy and E|gy|3 <
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TGP(’ﬁﬂz > CH) .
TRV e > C0) + TR D laul > 2015)

IN

< o1) + T°B( " (gul} ~ Elgul}) > My) = o(1).

Step 4: Proving T’P(ay2 > CN~tlog®T) = o(1) for some ¢,C >0

Instep 2, a; = |V 21 ST |+ (eles—Eele;) . By steps 3 and 4, with probability
at least 1 — o(T~9), |V '|a < C. Thus for ¢ = 2¢; !,

T
1 1
6 -1 c 6 / ! 2 c
T°P(a; > CN “log’T) < T P(Cﬁ tE:1 s§:1|\/ﬁ(eset—Eeset)| > ClogtT) + o(1)
1
TOP(C max | —=(eie; — Eeley)|* > Clog® T) 4 o(1
(x| (eher — Eelen)? > Clog T) + o(1)
(e

1
T8 msetLX]P’( 7N Ley —Eeley)| > Clog®?T)

< Cexp(lllogT — C1ClogT) = o(1), (E.5)

IN

IN

provided that C;C¢t > 11. Similarly,

1
T9P(ay > CN'1ogtT) < o(1) + T° maX]P’(|NA'es|g > CN 1ogtT) = o(1). (E.6)

Step 5 Prove TB(A ST, [Fue — Hpguul} > Cllog Y (s + 7)) = o(1) for ¢ = 2/cr
By (E.4), and steps 3 and 4, there is C' > 0, with probability at least 1 — o(T %),

T

1 ~ ~

T E |fie — Hrguls < C(dy + ... + da),
=1

where

T
1

|TN § 913(6;61} - Ee;et)|g,

1 s=1

ht 2
|7’27

S
1
M| =
N

-
Il

N
N
3

dy =

o~
Il

1
1 L
TN Zglse’sAglt\%,

s=1

1

2 /
E 9150st|3, Ust:NEeset-
s=1

M| =
E
5

dg =

~
Il
i

dy =

el
M’ﬂ
N[ =

I
W
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The tail probability of dy has already been bounded in (E.6):
TP(dy > N™'Clog?“* T) = o(1).

For z = (log T)%“'m, y = (log T)%“'m, z = (log T)?/“'m and sufficiently large m,

T
maxIP’(]\/iZgls eley —Eeley)|a > 21/?) < Cexp(10log T — C1a/?) = 0(1),

TG]P’ — Zglsu A2 > (NT) y) < Cexp(10log T — Cyy®/?) = o(1),
TOP(max |g15|2 > 2) < exp(6log T — C12°/2) = o(1). (E.7)

Note that max; Zle lost| < Cy for some C, > 0. Therefore,

T T
_ 1 1 _
TSP(d; > (NT) 'z) < TﬁP(T > P g1s(ehes — Bele)|3 > (NT) Lz)
t=1 =1
1 z
< 76 maxIP’(\W Zgls(e;et — Eeley)]r > z1/%) = o(1),
s=1

1
6 -1 6 A2 -1 —
TP(ds > (NT)™'y) < TP(m;glsesAlp(NT) y) +o(1) = o(1),

T
_ 1 _
TOP(dy > T72C2%z2) < T° m?XP(‘T g G150st|3 > T72C22)

s=1
T

1 _
T° m?xIP’(mgx ]915|2(T Z; lost])? > T72C22)
S—
T° m?xIP’(max 191512 > 2) = o(1).
S

IN

IN

Together, we have, for ¢ = log?/ ', with probability at least 1 — o(T9),
d 1

1
T Z ‘flt - HT91t|2 < Cmiyp, where mip := (log T)° (N + TQ)
=

Step 6: finishing the proof

We now work with 1} fi—f = (325, A, 0). Write Q = T ZS 1 | f1s — T915|2 Step
5 proved Q < Cm3. with probability at least 1 — o(T~?). In addition,

P(|fil2 > M(log T)"/*t) < Cexp(—CyM* (log T)) = CT~M™ < o(T )
for large enough M.

77



Now take
a::C(logT)l/cl, y:C(logT)l/cl, w:C’(logT)l/Cl,

2= (logT)"/w, 7 =ClogT)", §=(logT)" 7.
Then, we have, for sufficiently large C' > 0,

T
1
TOP(|As1|o > CT Y (log T)Y1) < TGIP’(m?x 9162 > ]N]Ee;et\ > C(log 7)) + 0(1)
s=1
< TOP(max |gis|a > Clog T)/) + o(1) = o(1),
T

1 ~ ~ 1 _
T6P(’At72’2 > mNTTil/QC) § T6P(|T Z(fls - H'Tgls)NEe;etb > mNTT 1/20)
s=1

1 1 _
< T6]P’(QT Z \NEe;et\Q > mi,T71C?)

1 1
6 / / 2 _
<T P(II;%X|NE€S€t| é \NEeset\ > C*%) +o(1) = o(1),

T

1 ~ ~ 1
TOP(|As3la > myrN~V20) = TGJP’(C]T > (fis — Hrgrs)

N(e;et — Eeley)| > mNTNfl/Qx) +0(1)

T
1 1
<(a) T6P(0Qf Z \N(elset —Eee) > > m%,N"1z?) + 0(1)

s=1
1
<718 msaxIP’(|ﬁ(e;et Eele))| > ) 4 o(1) = o(1),
T
TOP(|Agaly > (NT)™V/2y) = TSP(C fz 1s(eher — Eeley)|a > y) =9 o(1)

1 ~
TG]P)(’At’Ej’Q > mNTN_1/2z) = TGP(C|T Z(fls — Hé“gls)
s=1

T
1 1 _
< TGP(Cfglt\gf E \NAles@ > N712%) +o(1)

gltNA esloa > myp N~ 1/22) +o(1),

<T maxIP’(C\ f Negla > w) 4 o(1) =@ o(1),

P(|Arel2 > (NT)™'/?g) = T6IP’(C! ZglsgltA esl2 > (NT)™1/2g) + o(1)
< T5P( (Clyg Zglse Al > (NT)"Y2%) 4 0(1),

where in (a) we used Cauchy-Schwarz; (b) comes from (E.5); (c¢) and (e) follow from (E.7));
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d) is from (E.6). Combined together, ﬁ — ﬁ < CA; with probability at least 1 — o(T~?),
f

log/t T log'/® T + log"/* T'log'/* T 1 log'/er T
Ay + +myr(—= + ———
T VNT VT VN
log2/Cl T
< 33—
T

where that last inequality is due to "= O(N).
1

E.3.2 Defining notation

In the sequel, we show that (@,7) defined in Section is asymptotically equivalent to the
minimizer of the criterion function that replaces f; in Sy (cv,7y) with f; in the sense that they
have an identical asymptotic distribution. Below we introduce various terms in the form of

~and ~. They indicate that the corresponding terms contain ﬁ and ﬁ in their definitions,

respectively.
Let 1; = 1{f/y0 > 0} and recall that

gT (a,7)

T
= Sr (o, )+ = = Z (ZL't B — Bo) + z} ((51{ft7>0} 5ol{ftfyo >0}>)
=

2y (50 = 2100 (1{F0 > 0} = 1) ) (1.(8 = Bo) + a1 (81{F/ > 0} = 81 {Fir0 > 0}))

t=1

H\M

And introduce the following decomposition:

St (@,73) - Sr (a0, %) = Ri(&7)+ Ra(a,7) + Rs(@,9)
RT(a»;Y\)

-~ (©1@3) +Cal@) - Ca(@,7) - Ca(@9)).

~~

Gr(@,7)~Gr(a0,70)

where the additional terms are defined in the sequel. Also, note that we suppress the de-
pendence on T to save notational burden as we introduce the more detailed decomposition.
Let

Zuly) = (& 1Tl > 08, Zu(y) = (a1 {Fiy > 0},
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I,@T (Oé, 7) =

Gr (a,y) =

Then we have

1/~ - 2
72 (Z) a=Zi () o)
t=1
1 /= 2 1 & ol (~ _
=3 (2 (@=a0)) + 5 (@100)* |1 {Fir > 0} =1 {F0 > 0|
t=1 t=1
Ry (ayy) EQ(O&,’Y)
T
+% Za:gcso (1 {ﬁ'”y > O} -1 {f;”yo > 0}) Z () (o — ),
t=1
R (ayy)
T
%Z (5,5 — x40 (1{}";(70 >0} — 1{fivo > 0})) (Z () o — 7 (70)/040) )
t=1

T

Gr (0,7~ Cr(070) = =3 (s~ (170 > 0} ~10)) (2 @~ Zi (20)' o)

where

C4(aa7)

t=1
(El «, 7) + @Q(Qa ,Y) - @3(0[’ ,Y) - @4(0[) 7)7

T
%Zm;(s (1{?1{7 >0} = 1{flvo > 0}) )
=1

57&Zt (’Yo)/ (@ —ap),

H
Il
—

Nliv Sl
[]=I0~L

2100218 (1{F{70 > 0 = 1) (HTiy > 0} = {0 > 0}).

~~
Il
—

lEN
M=

00 (1{1?7:/70 >0} — 1t> Z (%) (@ = ).

H
Il
—_

In addition, the following quantities will be used in the proofs to follow.

2

(2 (@=a0))

M| =
N

t

Il
—

LS (00)? [Ty > 0} — 10 > 0},

WE

t=1

WE

T
23 atdo (1{ 7 > 0} —1{Fr0 > 0}) Z:(2) (0~ a),

1

-
Il
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T
Cilan) = = ewld (U > 0F = 10 > 0}).
t=1

. 9 T N

Crlay) = 7 > eZi () (a—ag),

) ) t;l

Calay) = = D aidoatd ({Fo > 0} = 1e) (1 Fy > 0} = {Fro > 0},
t=1
T

Ca (@,7) %21‘250 (1{f7:’70 >0} — 1t) Z; (%) (= ag).

1

~+~
I

E.3.3 Effect of ﬁ — ]?t

Lemma E.1. Uniformly over o and vy, for Ay defined in Pmposition

~ —~

(Z) Forj=1,..,4, (Cj((sa /7) - (C]((Sv 7) < (T—cp + ‘Oé - O‘O’Q)OP(Af +T_6)'

(ii) |Ca(@)| < Op(T71/2 4+ Ag)|a = g

(iii) |Ca(a)] < Op(Af + N~Y)T=%|a — agle.

(iv) For j =1,2,3, | Rz (a,) = Rjr (2,7) | < [lr = aof3 + T72#|0p (A + T7).

A consequence of this lemma is that the first-order asymptotic distribution of & and 7
can be characterized by the minimizer of Sr (cr,y), which replaces ft in the construction of
Sr (v, ) with 7., since the difference between the two is T=9Op(Af +T75), by Proposition
If in addition 7 = O(N) then it is T-¥Op(A; +T7%) = op (T71).

Proof. (i) We prove this for j = 1. The others are similarly shown. Note that
1 & .
sup | > eur (1{Ffy > 0} — 1{Fy > 0}l
v t=1

T T
1 S - 1 - S
< sup > lewil21{fly < 0 < fly} +sup 7 > a1 fiy < 0 < fiv}
v t=1 v t=1

We bound the first term on the right side of the inequality above. The second term follows
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similarly. As sup, [v]2 < C,

T
1 -
sup ey 1{fy <0 < i} (E.8)
v t=1
T
1 o~
S sup Z e} |21{~|f; — fi|2C < fin < 0}
v t=1
T
1 / N, 1 £ , ~ o~
S sup > |Et$t|21{‘ft7‘ <CArt+ 5 > et l{|fe = fil2 = Ag}
K t=1 t=1
T
1 s o
< T Z |5tx;|21{13f ‘ft/’y‘ < CAs}+O0p (1) CP{|ft — fil2 > A}
t=1
<

Op (1) CP <inf |']/CZ’Y‘ < CAf) +Op (T_G)
v
< Op(Af+T79,
where the first inequality is by the fact that 1{A}1{B} < 1{A} for any events A and B,

and the remaining inequalities are by the law of iterated expectations, the rank condition and
the moment bound that E (|etx¢|y |ge, he) < C a.s. in Assumption [5, and Proposition

(ii) The same proof as in part (i) leads to ’@2(5, v) = Ca(8,7)| < | — aol20p(Af 4+ T79).
It suffices to show |4 ST e:Z: (70) |2 < Op(-%) due to (i). Then

VT
1l > 1 1 & _
7D eZi(w) |2 < Op(ﬁ) + |7 > sl {f0 > 0}
t=1 =1
T
1 he 1 1
< = . 1oty
< |Tt§;€tl't1{(gt+ m)¢0>0}]2+op(ﬁ) OP(\/T)

(iii) The same proof as in part (i) leads to |C4(8, ) — C4(8,7)| < |a—ap|20p(nyr+T-8)T—%.
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Hence it is sufficient to show that

1
T > ze31{fl0 < 0 < fivo}

t

= Z 23140 < fiv0 < |(fr = F)'v0l} < fZ 2 B1{0 < fino < 2 t'Q}

<

- 1/
h

< on( § Bla$1{0 < fi < €142

|72
< OP(].)E’JZ‘”%]P) <O < f;’)/() < Cﬁ i, hy

1
< Op(l)E]a:t@\htbﬁ = Op (N—m) .

(iv) Similarly as in (i),

suprfpfjxt (1{fiv >0} =1{fiv>0}) Z (']

v t=1
1 & - -

< sup Z e 3[1{f/7 < 0 < fiv} + 1{Fflv <0< fi7}]

v _

hy
< SUP 75 Z e 31{|flv] < CAf} + Op(T75) < — Z !xtl21{mf (¢ + 7) v < CAy}
t 1 t 1 N
. h _

< Op(1)E|z4|3P <1gf (g: + \/—%)’fﬂ < CAy xt> < Op(Ap+T79).

Hence uniformly in (o, 7),
|Rs (0,7) = Rs (0,7) | < |a = ag2T~?0p(Af +T7°)

and the cases for j = 1 and 2 are similar, so |Ry (a,7) — Ry (o, 7) | < |a — @ol30p(Af+T79)
and |]§2 (a,y) — R, (,7) | < T7220p(Af + T75). Together, we have

(Ap +T7 T2 +|a — apl3 + |a — apl2T7 ] < 2(Ap + T[T + |a — apl3).

E.3.4 Consistency

The introduced notation R;(c,~) and C;(8,7) depend on the random rotation matrix Hr,
which is inconvenient to carry throughout the study of consistency and rates of convergence.

On the other hand, with g; := g + ﬁht, note that for any v and ¢ = Hrpvy, we have
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ft’v = g,¢, which is in fact independent of Hp. It is therefore more convenient to work with

functions with respect to ¢. Hence we introduce the following functions of reparametrization:

(6) = (1 {ge > 0},

(6) = (@} aj1{glo > 0},

(,¢) = E[(—a0)Z()]?, .

2(0) = R0, Hy'0) = 1 (h6)” (156 > 0} — 1{aid0 > 0},
t=1

T
Rs(o,¢) = Rs(a,Hp'o) = %290250 (1{g1¢ > 0} —1{gid0 > 0}) Z¢ ()’ (a — o),
t=1
T
Ci(6,6) = Ci(6Hil0) =2 7 2 sl (10 > 0} = 1o > 0}),
C3(6,9) = Cs(6.Hy'o) = Za:tcsoxt (g0 > 0} — 1) (1{gho > 0} — 1{gidy > 0}) .

Lemma E.2. Uniformly in («, ®), for an arbitrarily small n > 0,

(i) supy |R1 (@, Hp'¢) — R(a, ¢)| = op(1)]a — aol3,

(ii) |R3(c, )| < (Op (T7) + CT ¢ — doly) | — aoly -

(iii) |C1(0,8) — C1(d0, ¢)| < (Op (T™1) + T2 ¢ — ¢o|) T |6 — ol
(1v) |C3(0, ) — C3(do, p)| <T~%|5 — dol, Op (N_I/Q) .

Proof. (i) First, note that by uniform law of large numbers, for a sufficiently large C' > 0,

sup

In addition, )IEZt(qb)Zt(gb)’ — EZt((JS)Zt(gb)’
% EtT:1 Z4($)Z4(¢)'. Hence

sgp \ﬁl(a, Hfldﬁ - R(a, ¢)|

Z Z( — EZ4(¢)Z4(¢)’

< a— 040]2 Sup

+a — aolfsup \Ezt Z4(¢) — BZy(6)Z4(6)

— op(1)]a - aol3.

84



(ii) By Lemma uniformly in ¢

T
Ra(o,0)] = 12 atdo (1{a6 > 0} — 1 {560 > 0}) % (6)' (o — ax)|
t=1

T
1
< Clo -l > a3 1 {g'e >0} — 1 {7 ¢o > 0}]
t=1
< Cla—aol2[Op(T™) +T7*|¢ — ¢ol]
+Cla — a2 T~ ?E|m4 |5 |1 {g'¢ > 0} — 1 {7 o > 0}
< Cla—agl2[Op(T™) + T %6 — ¢ol].

(iii) Due to Lemma and Holder inequality, for an arbitrarily small n > 0,

|0 — dol2

T
€1(68.0) — Ca(60,0)] < | D e (1{gko > 0} — 1{gioo > )
t=1

T
- D e (1{Fon<0<go}—1{Fo<0< é’qﬁo})‘
t=1

T1l+¢
T%|0 — dol2
< (Op(T7Y) + 0T % |¢p— ¢o|) T¥ |6 — ol -

(iv) Uniformly in ¢,

T
€3 (%0, 9) = C3(6,9)] < %Z jzef3 [1{gib0 > 0} — L{gibo > 0}] |6 — doloT ¥

< T7%|6 — 50‘2 Op <N71/2) s
since the modulus of the difference between two indicators is less than equal to 1. 1

Proposition E.2.

@ — aola = op(1), | — dol2 = op(1).

Since H' = Op(1), this proposition implies that 7 — o = Hfl(gi?— ¢0) +op(1) =op(1)

as well.

Proof. We begin with showing the consistency of 4. Let ﬁ('y) and 13(7) respectively be the
orthogonal projection matrices on Z;(v) and Z (). Then

Sr() = Sr@m) ) =¥ (1-P()Y

P (- P) (- 7))
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where e,Y, and X are the matrices stacking &,’s, y,’s and x}1;’s, respectively.

Let 7 be an estimator such that
St (3) < St (70) + 0p (T72%). (E.9)
Then, 7 satisfies this as it is a minimizer. Furthermore,

0 = T%(S5r(3)~Sr(0) —or (1)

= (e (Pl - @) e+ 2% (P o) — P)) e+ 8 (P on) = P (5)) Xobo)
(E.10)

For the first term in (E.10), recall §; = g; + hsN~/? and note that by Lemma Lemma
and ULLN lead to uniformly in v, and ¢ = Hpvy, (recall Z(¢) = Z(7))

~2()Z() = %%)’2( )+ op(1 1Zzt ) +op(1)

= 12% 0) + op(1) = EZ,(§)Z(6) + op(1).

Then the rank condition for EZ,($)Z.(¢)" in Assumptionimplies that sup,, [+ Z)Z(y)] ™ =
Op(1). Also,

1~ 1~ 1
sup |- Z(7)'ela < sup|=Z(7)'els + Op(As +T7%) = Op(—=
2 T o T ! VT

by Lemma and an FCLT for VC classes in [Arcones and Yu (1994)). So

);

|%e' (Pw) - P@H))el < 25up %e'f’ (v)e < z% sup|[Z(0) 23)) B2 el

1>, 5 o 1= _
< 2sup[Z(7)'Z()] " sup [ Z(7)el; = Op(T™).
Y v

So %e’ (]ﬂ5 (v0) — P ﬁ)) e = op(1). For the second term in (E.10]),

T2¢ ~ 1~
06X (P< 0) = P(3)) e < Op(T%) sup | 7 XoP () el

< Op(T¥) Sup |T Z:thtl{ﬁv > 0}
1
= Op(T¥)sup | > Xpel{fly > 0} + Op(T?)(Ay +T7°)
v t

= op(1),

86



due to Lemma and FCLT. Applying the same reasoning for the third term in (E.10)) and
recalling that P(vy9)Xo = Xo,

T2‘p ' v! (D D (=~ ! 2 e
034 (P (20) = P (7)) Xodo = 0p(1) + E(dyz)*1, — A()
/ ~ ~\ / -1 ~
where A(g) = Edyx1:Z4 (5) (]EZ,: (gb) 7 ((Z)) ) EZ; ((Z)) 1;2}dy. The remaining proof

for gz~5 L ¢p is the same as the known factor case.

Turning to @, recall

T
Ry (a, H %Z( Hy'¢) o — Z, (Hy'é0)’ a0>2.
=1
Write
y 2
R(od) = E(Zi()a—Zié)ao)
RO(,¢) = B (Zi(¢)'a — Zi(¢ho) o).
We have
L (5 (1 ' 2 (5 -1 5 =1\ )2
g'T;(Zt( ¢) a—Z (Hy' o) ao) - <Zt (Hy'¢) o — Z;y (Hy ' o) Oéo) |

T
> lzel31{1gi0l < | fi — ﬁw})

t=1

A
CIJ
’U
VR
N~

T
1 . o 7
< (T Z |xt|§1{1gf 10| < |fe — ft]20}>
1 t;l 1/2
< (TZ ’wt‘%l{igf’ Giol < AfCY+ — Z \l‘t’zl{’ft ft‘ > Ay, or [Hp| > C}>
t=1
= op(1).
Furthermore,

=1
T
= Suql: |% ; (Zt (9) o — Zy (¢0) 060)2 —R(a, ¢)| = op(1),
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by uniform law of large numbers. Also,

1/2
sup [B(00) ~ (o0 < (Elmf1intlgio] < ClbdaN 17 ) = o)
a,

Hence sup,, , ‘HNQT (cv, H;lgb) —R%a, qﬁ)‘ < op(1).

Next, we turn to the <$ Recall that @ and 7 are minimizers of gT and thus
0 > Sr(@7) —Sr(a0,7) =Rr (@,9) — Gr (@,7) + Gr (a0, 70) -
Since ¢ := H77, Lemma and the fact that C; (5, $> =C; (6,7), i = 1,3 imply that

IR@, ¢)|

IN

Rr (@.9) + sup Ry (0, Hy'6) = R, 6)|

op(1) + Gr (@,7) + Gr (a0, )

0p(1) +IC1(3,7)| + IC2(@)| + [Ca(8,7)| + IC4(@)|
op(1) + €1 (60,7)| + [C3(60,7)] = 0p(1).

INIACIA

By the identification theorem, R%(q, ¢) has a unique minimum at (ap, ¢p). Then the conti-
nuity of RY implies & £, ap and gg £, ¢o by the argmax continuous mapping theorem (see
e.g. van der Vaart and Wellner} [1996| p.286). I

E.4 Rate of convergence for qAﬁ (Proof of Theorem |5.1])
Here, we prove Theorem Let
Gi(¢) = ERa(¢)+EC;(d,9)
Go(¢) = |Ra(¢) + C3(do, ) — (ER2(¢) + EC3(do, 8))|- (E.11)

Recall that R(a, ¢) = E[(a — o) Z(9))?.

Lemma E.3. Uniformly in «, ¢, for any € > 0, there is C' > 0 that is independent of €, and
C. that depends on €, so that |R(a,d) — R(a, do)| < Cla — agl3[Celd — ¢ola + €]*/2. Hence
[R(av, ¢) — R(a, ¢o)| = op(1)|a — aol3.

Proof. For any € > 0, there is C1, so that P(|g¢|2 > C1) < e. Note that for any deterministic
?,

IR(er, p) — R(cv, )| < | — ol 3E|2e[31{]gi0| < |gel2]d — o2}
o — aol3PY2(|g,d0| < |gtl2]d — dol2) (Elz|3) /2
Cla — aol3[P(lgido| < Celé — dol2) + P(|ge]2 > C1)]V/?

IA N
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< Cla—agl3[Celé — dolz + '/,
Now let ¢ = &5, and the consistency implies |($ — ¢ol2 = op(1). Thus
R(ar, ) — R(v, ¢o)| < Cla = agf3[Ceop(1) + /2.

Since € > 0 is arbitrary, we have the desired result. I

Lemma E.4. For an arbitrarily small n > 0, uniformly in ¢,

|G2(9))| < byTT ™%, |Cy (b0, 9) | < by

If in addition, VN = O(T'~%?), then

|G2(0)| < antT™%, |Ci(d0,9)| < anr.

where

e (mﬁ)/) +T 0o = doly VN

1
byt = Opl) +0T 26— bl

Proof. Let z = T*°2(x,00)% (1{gj¢0 > 0} — 1(gjo > 0)). By Lemma we have the fol-

lowing bound:

T
|Cs(d0, ) — EC3(00, ¢)] = Tw'Tllw S [z (14416 > 0} — 1{gido > 0})

t=1
—Ez (1{gi¢ > 0} — 1{g;d0 > 0})]]

1 -
< OP(W) + 0T~ (¢ — ol -

In addition, by Lemma when vV N = O(T'~2%) we have the other upper bound:

T

wip Dl (H{gio > 0} = 1{gigo > 0})
t=1
—Ez (1{g;¢ > 0} — Hgido > 0})]]

N
e NTQ)Q/J + 17216 — dol3 VN

|C3(d0, #) — EC5(d0, ¢)] = T3

< T7%0p

Similarly, the same upper bound applies to |Ra(¢) — ER2(¢)|.
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Furthermore, note that for any > 0

C1 (507 ¢)

IN

T
2
|7 D _erido(1{ghéo <0 < gio} —1{gié <0< gion})|
t=1
< Op(T7Y) +nT™*[¢ — dol,
due to Lemma and that when v'N = O(T'~%%)

VN

—2¢
(Dl (50) ¢) S T OP ((NTIQQO)Q/?)

>+nTWN 6 — dol*, (E.12)

due to Lemma 1

Lemma below holds regardless of whether N*/2 < T'=2% or not, but is crude when
N2 = o(T'=2#). When N'/2 = o(T"'~?%), a sharper bound is given in Lemma

Lemma E.5. Suppose the conditional density of f{yo given (xy,ht) is bounded away from

above almost surely. Then there is a constant C,c > 0 that do not depend on ¢,

_ C
Gi(¢) > T 2w|¢—¢0|2—m-

Proof. First,

1
IEC5(d0, ¢)] < E(x}d0)* |1{gid0 > 0} — 1{gj¢o > 0}] < CT_z‘Pﬁ-

Next, we lower bound ERy (¢) = E (2,60)* |1 {#¢ > 0} — 1{#¢o > 0}|. The proof is similar
to Step 1 of Proof of Lemma [C.3]. We show that there exists a constant ¢ > 0 and a
neighborhood of ¢ such that for all ¢ in the neighborhood

G (7) =E[1{g¢ > 0} — 1{gido > 0}| = c|¢ — ¢ol, -
Note that the first element of (7 — vg) is zero due to the normalization. Then,
G(y)=P {_.]?;t (72 = 720) < gido < 0} + ]P’{O < Gido < —Fo (12 — ’720)} :

Since the conditional density of g;¢¢ given ]?215 is bounded away from zero and continuous in

a sufficiently small open neighborhood € of zero, we can find ¢; > 0 so that

P{_};t (2 — 720) < Jiho < 0} >cE (th (72 —720) 1 {gt (72 — 720) > 0} 1 {‘gt‘ < M}) ;

where M satisfies that |y — 40|, M < €. This is always feasible because we can make |y — 7o/,
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as small as necessary due to the consistency of 7. Similarly,

P {0 <dio0 < —Fu (=0} > B (B (0 = 1200 1 { B (2 = o) < 0} 1 {| o < Mr}).

Thus,
G(v) 2 aE <‘fét (72 — 720)‘ 1 {‘fzt’ < M}) > c2 |y = v0ly
for some co > 0 because

inf B (|| {|Fer] < 22}) > 0

for some M < oco. The last inequality inf},—; E (‘jztr

1 {‘};t‘ < M}) > 0 follows since

o5 1 < 1)

|r|=1
> inf B (| fhr] 141l < M) = B\fy = fila — Bl A1 (M — 202 < gy < a4 P2y

|r|=1 v N /N

_ hilo |htl2
> o O(N-®) — E| filo1 {0 — 22 <M+ 1{|he)2s < MNA
>c—0( ) — Elfil21{ N | fel2 \F} {172 }
e e v

>c¢/2—c| sup p fEu(fERdim(f2t):M t2<f <M+ t2>1 hils < MN'/*

/ \F|<2M e th\ht( ) \/N | | \/N {| t’2 }

|he|2
VN

where 11(A) denotes the Lebesgue measure of the set A; here A is the difference of two balls
in R4m(f20)  Here the second inequality follows from: E|f, — fi|s = O(N~Y2), and write

= | fel21{M — % < |fila < M + |ht|2}

) ] 1/2
>c/2—c [E ((M + ‘j;t'ﬁ?)dlm%) — (M — )fhm(fzt)) |l < MN1/4}] > ¢/4.

Ea; < Eag1{|he|s < MNY4} 4+ (Ea?)Y2P(|hy|o > MNY4)L/2
E|hylo
MN1/4

< Eai1{|he|2 < MNY*} + (E|f]3)"( )1/2

< Ea;1{|hs|o < MNY4Y + O(N7Y/8),

Proposition E.3 (Preliminary Rate of convergence). Suppose T%?log"T = O(N) for any
k > 0. For 5: Hr7,

& — agly = Op(TV2+ NVAT=9) |6 — ola = Op(T~0729) 4 N71/2),
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Remark When T'~2% = O(v/N), this rate becomes
|a —aglz = OP(T*UQ)7 ]5— dola = OP(T*(P?@)),

which is tight and identical to the case of the known factor, but not so when v'N = o(T'2%).

Proof. As @ and 7 are minimizers of Sp,

0 > gT (a7 ’/7\) - SvT (Oé(], ’70) = ]RT (a7 :}/\) - @T (aa 3) + @T (Oéo, ’70) ;

So Ri(@,7) + R2(3) + C3(5,7) + R3(@,7) < C1(5,7) + Ca(@) — C4(@). By Lemma

R(a, ) + Ro(3) + C3(8,7) + R3(@,7) < op(1)|@ — apl3 + Op(Ap + T~ T%
+O0p(A +T7Y?)|a — aglz + C1(8,7).

Note that IE{3 (Oé, (b) = §3 (Oé, Hjjld)) ) ]RQ ((Z)) = ﬁQ (HEI¢) ) (DZ (57 qb) = @7, ((5> H]_“lqb)? L= 17 3.
In addition, since ¢ < 1/2, by Lemma it follows that there is C7 > 0,

R(cr, #) + Ra() + Cs3(60, §) < op(1)|a — a3 + Op(Ay + T-5)T%
+C1(80,9) + Op(Ap + T~ V2 L T N~Y2)|a — agly + CLT™? ’qf) — ¢0‘2 la — agly -

We now provide a lower bound on the left hand side. By Lemma |Rr(a, gg) —Ry(a, ¢o)| =

op(1)|@ — ap|3. Also, uniformly in a,

R(a, ¢) = E[(a — a0) Z(9)]* > Cla — aols.

~ ~ ~ ~

In addition, Ra(¢) + C3(do, @) > G1(¢) — G2(¢). This implies

(Co— op(1))[a — a0l + G1(d) < Ga(9) + C1(d0,6) + Op(Ay + T T~%
+Op(Ap +T7V2 £ T2 N=V2) |G — agly + C1T~% ’¢> - ¢0]2 G — agly.  (E.13)

Let C5 be chosen to be smaller than Cj/2 and Cy be chosen to be smaller than Cy/4 below.
Due to the consistency of g/b\, with probability approaching one, \qg — ¢ol2 < (CaC3)/(8C3).
Cs

Hence with probability approaching one, for d = 107
1

one term on the right hand side:

N . 2
CiT™°% )éb - ¢>0‘2 @ — gl < CHd|a — agl3 + T2 )QS - ¢>0‘2 d?
< Csla — agl3/4+ CoT ™% ‘5— ¢0)2/2~

~ -~ -~

Given this, the goal becomes lower bounding G1(¢) and upper bounding Ga(¢)+C1(do, ¢).
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Apply Lemma [E4] using the upper bound by, and reach,
Ga(0) + C1(do, §) < Op(1)byr < Op(T™") + 9T ~2% ’5— ¢0’2-

with an arbitrarily small > 0. Lemma implies Gl(@ > C4T_2‘P|$ — ¢ola —
almost surely. Since 1 > 0 is arbitrarily small, (E.13)) implies,

_Cc
VNT2¢

Co|a*ao|§/4§C4T_2¢|¢A5*¢0|2/2
< -1 -1/2 —onr—1/2\1A _ —6\—¢
<  Op(T +\/NT2¢)+OP(Af+T +T PN~ /9)|a —agl2 + Op(Ap +T7°)T

(E.14)

which leads to the preliminary rate: when T2 1log” T = O(N) for any x > 0,

|& — 040‘2 = OP(T71/2 + N-VAp—¢ + A}/zTﬂp/Z + Af) = OP(T71/2 + N71/4T750),
|6 — ol = Op(T~1722) £ NTV2 4 ApT¢ + (AfT#)?) = Op(T~172) 4 N7/2),

where we used Ay < O(log®T)(+ + #) proved in Proposition 1

To improve the convergence rate when N = o(T2?~%%), we need to obtain a sharper lower
bound for G1(¢) than that of Lemma . To present the lemma below, we first introduce
some notation. Let py,|y, denote the conditional density of X; given Y}, for the random

vectors X; and Y; specified in the lemma below, assumed to exist.

Lemma E.6. Let u; = g0 and Assumption @ hold. Suppose N = o(T?~*%). Consider a
generic deterministic vector ¢ that is linearly independent of ¢o and VN|p — ¢o| < L for
some L > 0. Then uniformly in ¢,

1

G1(o) = CT—2¢W|¢—¢0|§—O(W

).

Proof. Write 1, = 1{g,¢p > 0}. First, we note that a careful calculation yields:

2 (1{gi¢0 > 0} — 11) (1{gi6 > 0}) — 1{gio > 0}) + |1{g;¢ > 0} — 1{gi¢0 > 0}|
= Ap(@) + Az(9) — Aze(d) — Awe(9)

where

Awi(g) = 1 {§t¢ <0< §t¢0} 1 {g£¢0 > 0}
An(d) = 1{gido <0< g6} 1{gi¢o <0}
As(9) = 1{d¢ <0< gido} 1 {gido <0}
Ag(d) = 1{gido <0< g6} 1{gi¢0 >0}
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Therefore,

Gi(¢) = E(2)60)° (A1t (6) + At (6) — Azt () — Aut (9)).

The goal is to provide a sharp lower bound of the right hand side. Note that ¢ — ¢qg is
linearly independent of ¢y due to the normalization. And as elsewhere C' is a generic positive

constant.
Calculating A,

Take the first term Ay (¢) and note that (cf. notation u; = gj¢o )

A = 1{0\/—@% <up < — <9t+;tﬁ> (¢ — ¢o) — }\l;%)}
= 1{~Hig0 < VNus < =VNg; (6 = d0) = higo } 1 {hjg < 0}
+1{0 < VNu < —VNg[ (¢ — 60) — hig | 1 {hié0 > 0}
+ [1{VNus < ~VNgi (6 = 60) = hio } — 1 {V/Nus < ~V'Ng; (6 — 60) — i |
x[L{R¢o < 0} 1{~Rjo < VNus} + 1 {hj¢o > 0} 1{uz > 0}].

Now suppose that for any L > 0, the conditional density of g;¢ given (hy,z¢) is bounded
uniformly for ¢ € {|¢ — ¢ola < LN~Y/2}: that is SUP| 4 gola< LN—1/2 Pgj|hyz, (-) < C. Hence

E(260)° 41 = E(a}60)°1 {—h;¢0 < VNuy < —VNg, (¢ — ¢o) — hgqso} 1{h,¢y < 0}
+E (1'2(50)2 1 {0 < \/Nut < —\/Ngg ((25 — ¢0) — hégﬁo} 1 {h:‘/d)o > 0} + Aqq,

where
An = E(2100)° [ {higo < 0} 1{~hjo < VNug} +1{higo > 0} 1{u; > 0}]
X {1 {\/Nw < VNG (¢ — o) — hfgcbo} -1 {\/Nut < —V/'Ng, (¢ — ¢o) — hQ%H
< CTEP {—h; (6 — d0) — R < VNl < —hio

3
|

hy

L T-2¢Ep {—hm < VNgld < —, (6 — do) — i

_opr [ (¢ — do)|
< 2C sup Poron, (T 2R
|¢—doll<LN-1/2 gl VN
¢ crL i ~1/2
< JNT2 ¢ — dol2 < N2 sven that |¢ — ¢gla < LN ,

due to Assumption |§| for the first inequality. On the other hand, note that the normaliza-
tion condition requires the first element of y—~9 = 0, so g; (¢ — ¢o) = fi(v—20) = fo,(Y—"0)2-
Thus g;(¢ — ¢o) depends on g; only through for = (H7 f;)2, where fo, and (HJ fi)2 denote
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the subvectors of f; and H f;, excluding their first elements, corresponding to the 1-element

of ¢.
Let put|*(') =D o b o, fo ..z, (+) denote the conditional density of u; = f{~o = g;¢o, given

(hbo, for, 2¢). Change variable a = v/Nu, we have,

E (z)80)> A1 — An
1
= = (aid)?* [ 1{=Hjon < a < VN (6= du) = K } 1 {high < 0} pia (oo

t o il (x}0) /1 0 <0< —VNgi (&~ d0) ~ higo | 1{hid0 > 0} puu(_)da

=K (%50) Pur % (0)g; (0 — ¢0) L{g} (¢ — ¢o) < 0}1 {higo <0}

h' h
E(l’t% Puy|% (0 (9 ti?) 1{92 (¢ — ¢o) + \;%) <0}1{h ¢o > 0}
+ By, (E.15)
where
E (2,60)?
B = 0 [ {hion < o < Vg6 0) ~ Hion} 1 {Bign < 0} (el )~ puia()) da

+ \/:LNE (1'250)2 / 1 {0 <a< —\/Ng£ (¢ — ¢0> — h£¢0} 1 {hg(b() > 0} <pUt|*(\;aN) — pUt*((])) da.

We now show that for some C' independent of ~, |B;| < NTQW Because py,|x(-) is Lipschitz,

Bil < B (i)’ [ 1{~hign <<~V (6 ) — hign} 1 {tigo < 0} alda
+%]E (}60)” / 1 {o <a<—VNgi (¢ — ¢o) — h;¢0} 1{hipo > 0} |alda

C/T 2¢ ol
< E(1VNg, (& — do) + hidol + [hido|)* < T2,

due to Assumption |§|

Calculating A,

The calculation of Ay is very similar to that of A;. Write

Ay = 1{=VNg; (6 = 90) = Higo < VNus < —higo | 1 {Hig0 > 0}

+1{=VNg (6 — ¢0) — higo < VNuy < 0} 1 {hjgo < 0}
(1 {=VNG, (6= 60) — Ko < VNur} 1 {=VNg; (6 = bo) = higdo < VN ]
1{h¢0>0}1{fut< h;¢0}+1{h¢0<o}1{ut<o}]
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Hence,

E (100)" A2 = E (2180)" 1 { ~V/Ng} (& — d) — higo < VNur < —hjeo } 1 {Rjg > 0}
+ (2400)° 1 {—\/Ngg (6 — do) — Bipy < VNuy < o} 1{hip < 0} + Ao
Aot = (2180)° [1{Rig0 > 0} 1 {VNur < ~higo | +1 {Rjgo < 0}1 {w; < 0}]
< [L{ VNG (6 — d0) — o < VNuy} — 1 { VN (6 — é0) — Koo < VNu,}

CL

< NTZe? similar to the bound of Ai;.

So very similar to the bound of E (x;50)2 Ay — Aqq, we have
E (.’1}'250)2 Az — A21
= By +E (}00)” puyx (0)g; (¢ — ¢0) 1 {g; (¢ — 70) > 0} 1{hido > 0}
+E (500) P 0) (5 (0 00) + 20 ) 1 {5t (0= 0) + 420 > 0} 1 {hign < 0}

with |Ba| < TQ#)

Calculating As

First we define events

Er = {VNgbo < —VNgj; (¢ — ¢o) — hido}

By = {VNg,(¢— ¢o)+ higo > 0}

Es = {VNg (¢~ ¢o)+ hido > 0}

Ey = {VNgj¢o < —VNg, (¢ — do) — hio}

Bs = {0<VNgj(¢— do)+ o < —hi(d — bo)}
Es = {—hj(¢— o) < VNgi (¢ — o)+ higo < 0}

Careful calcuations yield:

A = 1{g;¢ <0 < gido} 1 {gi60 <0 < gido}
= 1{=hio < VNgig0 < 0} 1L{VNg; (6~ do) + i < 0}

+1 {_h:fd)o <VNgjpo < —V'Ng, (¢ — ¢o) — hwo} H{E>} + Az
Ag = [{E}+1{VNgioo < 0}1 {-njgo < VNgio0 } 1{Bs} - 1{E:)]
1B {—h;qso < \/Ngggbo} [1{E} —1{E)].
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So

E(wééo)zAg

— E(ajd0)*1 {~higo < VNgig0 < —VNg, (6 — bo) — hico } 1{B2}

+E(2100)*1 { ~higo < VNgido < 0} L{VNg; (¢ — o) + hio < 0} + E(wdo)* Aa:.
Note that vV Ng; = VNg;+hy, so |1{Es}—1{Ex}| < 1{E5}+1{Eg}. This gives, by Assumption
|§| and letting My = 1 to simplify the notation,
E(aido)As < T 2E[{Es} + 1{E}][L{E} +1{VNgiéo < 0}]1 {~hig0 < VNgis0}
+T2EL{~hi(¢ — ¢0) — hido < VNgio < ~hjgo }
+1-2E1{ ~hjgy < VNgi6 < —h}(6 — 60) — hic |
T *?E1{E;}P {—hécbo <V Ngi¢o < VN, (¢ — ¢0) — hido

IA

ht7gllfr}
hthgllfr}

+T~2¢E1{E5}P {—héqﬁo < VNgjpo <0 ht7g£r}

+T2“’E1{E6}P{ higo < VNgido < —VNgi (¢ — ¢o) — hido

}
|

T 2E1{E}P {—h@% < VNgj¢o <0 ht,gér}

LT2E] {—h;<¢ — 60) — Hdo < VNgl$ < — oy

+T %K1 {—hiqzso <VNgip < —hi(¢ — ¢o) — hyo|hu

<) T2EI{E;}C|g)(6 — o)| + T~ wm{%“‘w}o'% |
+T P EY{ Eg}C|9; (6 — ¢o)|+T_2“OEP{E6hta$t}C’iL;@|
+E01W\
<@ T720|¢ — Go|2C(E[|G)|) "/ (EP{Es|he}) /"
+T20|g — dul2C(E Hgtl] >1/Q(EP{E6'<}$})ZP
20 2¢p tio
+T- CE|\/7L|\F EC| mh/\ iy
<O 16— OB T2 4 T2 CEI M0 4 o) M)

1
<V Ol yosrian)

where inequality (1) follows from the assumption that the conditional density Pus|% and
the conditional density of gj¢ given (h;) are bounded in a neighborhood of zero, with r =
¢ — doly (6 — ¢0); (2) (3) follow from the Holder’s inequality for some p > 1 and ¢ > 0
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and p~! + ¢! = 1, and that the conditional density of gjr given (h;) is bounded. (We take

p=1.5.); (4) follows from |¢ — ¢gla < LN~1/2.
Also,

E(x;50)2A3 — E(l';(S())ZAgl

= E(x}d) /1 {—hido < a <0} {VNg; (¢ — d0) + hido < 0}py,x( - -

NV

FE(2)60)? / 1 {—h;gbo <a < —VNgi (¢ — ¢o) — hicbo} 1{g; (¢ — ¢0) + \;%) > 0}
put\*(%)d%
hi o

> O}pmu(md%

= E(2}60)? / 1 {*hé% <a<—VNgj(¢— do) — hiéf)o} {g; (¢ — d0) + N
+E(60) / 1{~hjo < a <0} 1{V'Ng} (6 — ¢o) + hido < 03Py (0)d—mz

h \/N
= —Epu,x(0)(z0)2g, (& — d0) 1{ j@ > g (6 — o) + ﬁ
hi o

- +Epu, 1 (0)(700)* ml{f g1 (¢ — o) + higo < 0}1{hj¢o > 0} — Bs,
E.16

— Bs

>0}

where

| B3| < E(}00) / 1{- h¢o<aso}1{ﬁgz<¢—¢o>+h;¢o<0}[put|*<%>—put.*<o>}d\%ﬁ

+CIB(g) s [ 1{~Hid0 < a < [-VNG; (6~ ) ~ Hion] } 1g] (&~ n) > j@ Halda
< S0 (sl + VNG (6~ d0) |)? <

N S NTE
Calculating A,
Write
Ay = 1{§£¢0§0<§2¢}/1{§£¢0§0<g£¢0} / |
- 1{0<g£¢o§—@@}1{—§£(¢—¢0)—/T}%}<gg¢0§_%}
- 1{0<g£¢o§ &@}1{”@ o) + ’\l;%M)} |
{6 = 00) = 212 < g < 201451 0 - )+ 22 < 0)

The same proof as that of A3 shows

E(m250)2A4
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t¢0

BN
> 0}p,,

t¢70
< 0}p.,

= E(x380)*(—hybo) H{hypo < 0}1{g; (¢ — do) +

+E(2760)°g; (¢ — ¢0) 1{g; (¢ — ¢0) > 0}1{g} (¢ — ¢0) +
1
T2 N5/ )"

+O(

Combining the above results, we reach,

8
/ / 1
E(.’L’t(SO)Q(Al — A3 + AQ — A4) = ZE[(mtdo)qutl*(O)ad] + O(m)
(E.17) !
where
h! h!
ag = — <9£(¢—¢ )+ \;%) 1{9£(¢—¢0)+ \;@ <0}1{h¢0>0}
az = —g; (o — o) {gi (¢ — ¢o) < 0}1 {hypo < 0}
h h,
ia = (6= )1 > gl (6 ) + 0 > 0}
@ = ﬁl{fgt (& — 60) + Ko < O}1{H} > 0}
as = g, (¢—d0)1{g; (¢ — do) >0} 1{hido > 0}
ag = <gt(¢_¢0)+ &%) 1{gt(¢_<:j)+ \;@ >0}1{h ¢0<0}
w = ﬁl{h’% <015} (6= o) + 22 > 0} )
s = =} (6= 00) 1 (9 ) > O}1{gf (6= ) + 2 <. (E.18)
We now further simplify the above terms by paying special attentions to terms involving
as and as:
—E(2760)*Pu, 1% (0)g; (¢ — ¢0) 1{gi (¢ — o) < 0}1 {higpo < 0} (E.19)
E(2460)*Pu, % (0)91 (¢ — ¢0) 1{g} (¢ — do) > 0} 1{h}¢o > 0}. (E.20)

The key idea is that 1 {hj¢o < 0} and 1{hj¢y > 0} can be exchanged up to an error O(L+ )
Roughly speaking, this is due to the fact that given (x, g;), the conditional dlstrlbutlon of
hi¢o is approximately normal, and symmetric around zero. The conditional normality of

hi¢o follows from: for O'zyl’tygt = limpn 00 E((R}0)2|2t, 9t),

N
1 1 _ d
hydo = TN Zeit/\;'(bO(NAIA) Y(we g1) — 2
i=1
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where Z; is a Gaussian variable, whose conditional distribution given (zy, g;) is N'(0,07 . a)

For a formal treatment, we show that hj¢o in (E.19) and (E.20) can be replaced with Z;.
Under the assumption of the lemma, we have

sup |P(higo < 0]z, g¢) — 1/2] = O(

Tt,gt

Then for (E.19), we have by Assumption [§] and [9]

).

=

E(2}00)*Pus % (0)9; (¢ — ¢0) 1{g, (¢ — do) < 0}[
= Epy,x(0)(x60)%g; (& — ¢0) 1{g} (¢ — ¢o) < 0} 1{h’¢o<0}—1/2
HEDy, 5 (0)(2100)°g; (¢ — d0) L{g1 (6 — o) < O}[1 {hido > 0} —1/2]

< op (\}N) E (pu o (0)(@60)214. (6 — d0) |)

since |¢ — ¢ola < LN™Y/2.

H1{hi¢o < 0} —1{higo > 0}]

Hence can be replaced with E(2}60)*py, % (0)ab + O~ ) where
gy (¢ — ¢0) 1{g; (¢ — ¢o) < 0}1 {hj¢o > 0} .
Similarly, can be replaced with E(x}80)*py, % (0)as + O+~ ) where
as = gy (6 — ¢o) {g; (6 — ¢o) > 0}1 {h Po < 0}

Hence with a careful calculation, up to O(m) (which is uniform over ¢), it can be
shown that

E(%;(so)Q(Al — A3 + A2 — A4)
= E(%}60)pu, % (0)(a1 + a5 + a3 + as + a5 + ag + a7 + as).

= 9R(}00) Py (0) (gz (6— o) + ’WO) 1 {g; (6 — o) + 20 } 1 {0 > 0}

VN VN
OB (60)2Pus 4 (0) (gz (6— o) + ’}%) | {gz (6 on) + 1400 } 1 {Kgo < 0}.
(B.21)
Let

B hi¢o
VNG, (¢ — o)
Recall that \/N|<;5 — ¢o| < L. Fix any My > 0, we choose € > 0 so that when |g¢|2 < Mo,
then [(1—€)vV/Ngi(¢—ao)| < (1—€) LMy, so that (1—e)v/Ngi(¢—¢p) is inside the neighborhood
of zero on which the conditional density of hj¢g given (g, x¢) is bounded away from zero.
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Thus almost surely,
P{0 < Higo < (1= OVNgH(6 — do)lat, gt } = ol VNgi(6 — o).

So up to O , by Assumption |§|7

T NOEITE )
T2¢ NO.5+1/(2p)

E(x;50)2(A1 —Asg+ Ay — Ay)
= —2E(}00)*pu, % (0)g; (¢ — ¢0) (1 — R)1{0 < R < 1} 1 {hi¢o > 0}
+2E(760)*Puy % (0)g7 (¢ — ¢o0) (1 = R)1{0 < R < 1} 1 {hj¢o < 0}
—2eT"*%Eg, (¢ — ¢o) 1 {hjpo > 0} 1{0 < R < 1 — €} 1{|ge|> < Mo}
+2eT*Eg; (¢ — ¢o) 1 {hjgo <0} 1{0 < R < 1— €} 1{|gel> < Mo}
2T *E1 {hjdo > 0} 1{|gel2 < Mo}eV'N|gi(d — ¢o)|®
+2eT2°E1 {hydo < 0} 1{|gel2 < Mo}eV'N|g)(¢ — ¢o)|?
= 2ceT ?*VNE|g;(¢ — ¢0)|*1{|ge|]2 < Mo}
> CT **VNlp— ¢ol3,

v

v

where the last ineqaulity follows since the minimum eigenvalue of E (}do)* g:g/1{|g¢|2 < Mo}

is bounded away from zero. It then implies

1
)), p=1.5.

E(2400)(A1 — A3 + Ag — Ag) > CVNT*|¢p — g3 — O(W—5H/(gp

Proposition E.4. Suppose T = O(N), the first components of vo,7 are one.

~ 1 1
¢ — dol2 < Op <T1—2<P + (Nlew)l/g)) :

Proof. Proposition shows |$— dola = Op(T~(1-20) 4 N=1/2), When T2 = O(v/N),

the above upper bound leads to

1

6= dol2 < O (7755)- (E.22)

When VN = O(T'~2%), the above upper bound leads to |¢ — ¢gla < Op(\/iﬁ). We now

improve this bound in the case v/N = O(T'72?). In this case, For an arbitrarily small
e > 0, there is C, > 0, with probability at least 1 — ¢, |¢p — ¢pl2 < &Jeﬁ We now proceed the
argument conditioning on this event. We use the lower bound in Lemma for G1(¢) =
E (90250)2 (A1t (@) + Age () — Asze (¢) — Axt (0)) - ~

If ¢ — ¢g is linearly dependent of ¢g, there is a scalar ¢y so that ¢ — ¢g = cr¢g, implying

¢ = (1 + cr)do. Let (v); denote the first component of a vector v. Then 1 = (H:Fl;b\)l =
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(HT_1¢0)1(1 +cr) = 1+ ¢p, implying ¢ = 0. Hence 5 = ¢9. Hence we only need to focus on
the case that (;AS is linearly independent of ¢y. Then Lemma yields, for p = 1.5

1

~ 9 ~ 2
G1(9) > CT VN6 — dol3 — Ol 5576

)-

Write
VN

(NT1_29")2/3 ’
Substitute to (E.13)), there are C1,Cs, C5 > 0,

MNT = T-%

Cla — aol3 + CT % VN|¢ — ¢ol3
< Ga(p) + Ci(d0,¢) + Op(Ap + T~ T2+ Op(Ap + T~ V2 + TP NV2)|a — agls

o R 1
FOT# |6 = b0, @~ ol + Ol 57575

Next, replaced Go and C; with their upper bound based on ay7 given in Lemma In
addition, C, T~ ‘5— ¢0’2 & — agly < C2T29|¢— doZNY4 + ]G — ag2N /4. Also note that

zmns7s = O(myr) as T = O(N), and T~! = O (my7) when VN = O(T'~2%).
Cla — aol3/2 + CT2*VN|$ — ¢o[3/2
< Op(T™V2 4+ Ap + T9N7Y2)|a — aply + Op(Af + T~)T~% + Op (mnr)
< O]D(Tfl/2 + Af)‘& — agla + Op(myr + AfTﬂD).

This implies |@ — ag|3 < Op(my7 + AfT%) with T%log" T = O(N) for any £ > 0. Hence

T2V N|$ — dol3 Op(mnt + T_l/zA}ﬂT_WQ + Apy/myT + A?c/QT_WQ +AT%)

<
< Op(mnT)

where in the second inequality we assumed 7' = O(N).

Hence

2
~ 1
_ 2 _ 2 —-1/2 _
¢ — ¢ols = Op(T" N~ “mnr) = Op ((NTl—Z@)1/3> :

Combining with (E.22)), we reach

~ 1 1
¢ — ¢ol2 < Op <T1—2<p + (NT1—2¢)1/3> '
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E.5 Consistency of Regime Classification (Proof of Theorem [5.2)

Proof of Theorem[5.4. To begin with, we consider the case of observed factors, ﬁ = ¢, for
which we have ¢9 =79 and 7 — v9 = Op (T_1+29") . Then, it suffices to show that

T
1
— 1{d~v>0V = 1{d~ >0V =0 T’1+250,
Iv—volz%%fuzw T tz_; ‘ {907 } {970 }‘ P )

for any C < oo. It follows by noting that for any 7 satisfying the normalization of v; = 1

and for some finite c,

E|1{g;y >0} —1{gir0 > 0}

EP [(g5:720 < =91t < ga¢72) [91e] +EP [(ge720 > —g1e > gae72) |gne]
cE | g (72 — 720)]

= O (v —la),

IN

and

1
M
_ OP (T—H—sﬂ)

T
> (11 {giv > 0} = 1{g0 > 0} —E[1{giy > 0} — 1 {g}r0 > 0}])
t=1

by the maximal inequality in Lemma and the subsequent remark.
Next, we move to the case of estimated factors. Recall that ft = Hl.g: + Hrhy/vV'N. By
the triangle inequality, for any ~

;i‘l{fh>0}—1{g£¢o>0}’ < ;i‘l{ﬁ’y>0}—l{ﬂ’y>0}‘ (E.23)
t=1 t=

+%Z)1{ﬁ%>0}—1{ﬁ7>0}’

t=1

o o[ {7 > 0} -1 o> 3]

t=1

ﬂb—t

S

Proceeding similarly as the case of the observed factors, we get

;i’l{ﬁ’m>0}—l{fﬁ>0}’zop <\/W+\ ’YO|2>
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and

T

1

1itl{ﬁ70>o}—1{gz¢o>o}1 - Tijl{ggqﬁp—h;¢0/m}—1{g;¢o>o}y
t=1

- or( ).

For the remaining term in (E.23)), note that

and that

IN

IN

IA

<

<

T
1 ~ ~
75 1{f 0} —1{f/ 0‘
Slle|Tt:1’ {fiv >0} {fiv >0}

T T
1 ) 7 1 £ £!
Sup - E H{fiy <0< fiv}+ sup — E WSy <0< fiv}
T =1 T =1

T

1 ~
sup ST 1H{flv <0< fin} (E.24)
|'Y|2§C t=1

1 <& PO
sup — 1{—’ft — ft|20 < ﬁv < 0}
hy<c T ;

1 & 1 &

S o

sup — 1 ft’y <CAf + = 1{‘ft*ft|22Af}
s p 3 1{([fo <cage g3

T
~ 1{ info‘ft’v‘ < CAf} +0p ()P{|fi — fila > Ay}

<
=1 |’Y|2,

Op (1)]P< inf |]/”;"y| < CAf) +Op (T_G)
|’Y|2§C

OP(Af + T_G)v

where the first inequality is by the fact that 1{A}1{B} < 1{A} for any events A and B,
and the remaining inequalities are by the law of iterated expectations, the rank condition in
Assumption and Proposition Recall in Propositionthat notation Ay is introduced
and Ay = O (T~'1%?) for any ¢ > 0.

Putting together, and recalling that ¥—~9 = Op ((NTl_zﬂp) —1/3 + T_1+29") , we conclude

that

T
! ‘ 7l — ! — —142¢
sup 1{7 >1|} 1 >0 ‘_O ]
I'Y*'YO|<CT_1+2LP Z ; t’Y {ft’yg } P (Z )

Proof of Theorem is divided into two subsections, one for the derivation of the asymp-
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totic distribution of @ and the other for the derivation of the asymptotic distribution of 7.
The latter will contain the asymptotic independence proof as well.
E.6 Limiting distribution of @ (Proof of Theorem |5.3; Part I)

Recall the notation that Z,(v) = (), m%l{ft"y > 0}, Zy(vy) = (xg,xgl{ﬁ"y > 0}) and Z;(v) =
(2}, 2,1{ f{v > 0})". In this subsection, define A = (3 ", Z:(7)Z:(3)") L. Then write

a— [; S ZA)ZG) ) = > 2
t
:CY()‘F(%ZZ(’YO )Z(0)") ZZt’Yoe?tJrZaz,
t
where

=A— ZZt [Zi(0) Z(’YO)]/O‘O’
= Az Zzt ) Zi(70) = Ze(3)) a0,

a3 = A Z 1Z3) = Zi(v0)ler,

ag = Af Z[Zt(’m) — Zi(0)let,

-1
as = | A - <; Zt: Zt(%)&(%)’) % > Zi(w)er

t

In view of Lemma the fact that P(| f;— fi|o > CAy) < O(T~°) implies A— (£ >, Ze(70) Ze(0)) L =
op(1), since ¥ — 49 = op(1) and a ULLN applies. Hence A = Op(1) and a5 = op(T~/?) by
the MDS CLT. Furthermore, Lemma below implies vT Y1, a; = op(1). Hence

VT(a — ap) Z Z(70) Ze(0)") \f Z Zi(y0)er + op(1).

This leads to the desired strong oracle limiting distribution.
Define
ryp = (NT'20) 3 A pi=2e, (E.25)

Lemma E.7. Suppose that T = O(N), the conditional density of f{vo given hy, xy is bounded
a.s. and the density of infcry. |(gt +heN~Y/2)'v| is bounded, where T'r is a T&lT—neighborhood
of v0. Then,
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(i) + 320 e Ze(0) = Ze(v0)/ a0 = op(T1/?),
(1) 4 2@ Ze(0) = Ze(A)) a0 = op(T~112),
)

(ii1) %Zt[?t(;y\ — Zi(v0)let = op(T~1/?),
(iv) % > 1 Zt(v0) — Zi(0)]es

Proof of Lemma[E 7. (

Z 7)[Z¢(70)

= OP(T_I/Q).

) For each j,

— Zy(v0)) o

0 ~
< 102 57 0 81110 > 0}~ 170 > 0}

= |7 3 Zu@)eido1 st > 0} ~ 1{Fro > 0))
t

t
1)
‘0’22| B 1fi - ft|2|vo|2<fm<0}+’°‘22| J310 < fio < 1fs — Flalolal

We bound the first term on the right hand side, and the second term follows from a similar

argument. In view of Lemma and the boundedness of the conditional density of f{7o,

1)
| O'QZ\ .

— fel2hol2 < fino < 0}

h C ~
< m zt: e 3{~C(Af + ’Ttﬁb) < fin <0} + 12+ zt: 2311 fr — fil > CAf}

h
< 0n(r/ )8 (| BP(-C(A) + |- la) < fino < Olhw,z:) ) +0p(1)

1
< OP(TI/Q—SO) <AfE (‘l’tg) +E|xt|%|ht|2\/ﬁ> + Op(l)

=op(1),

provided that T'= O(N). Hence % 37, Z,(3)[Zi(70) —
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(ii) For each j,
=3 Zu(@)Ziv0) ~ Zu(A)oo
t
< MT‘Z 124 21{0 < flvo < |Felalo — A2} + sup 2@50‘2 Z’ U0 < fiy < 1fi = filzllz)
t
#5523 LAl 7 < i < 0}

2|00]2
T sup 5 ’Zrm{—m Flalvls < Flv < 0},

WGFT

We bound the first two terms on the right hand side; the other two terms can be bounded
similarly and thus details are omitted. Note that with probability at least 1 — o(T~!), there

is ¢ > 0, uniformly in ¢,
|fila < |Hrgila + |Hrhi |2 N7Y2 < e(log T)°. (E.26)

Moreover, for any € > 0, ]P’{W — Yol2 > er&lT log T} — 0. Thus

dol2 7 = -
VT S 0,210 < Fho < Fiobo — 712}

t

1) -, c N
_ 'j‘T S e?1{0 < Flo < e(log 7)o — A2} + op (1)
t
1) -~ _
B |\/01L2 D 2P 1{0 < fivo < c(log T)eryh} +op (1)
t

However, due to the boundedness of the conditional density of ft’%,

5
glool2 Z| 1 {o < flno < (log T>c+1r;V1T}

IN

Tl/Q—vE [P{(0 < firo < cllog T)* ergh)an } el
< CeT* % (log 7Yty Elze? — 0 so long as T2 (log T)%™! = o(N?).

It remains to show V7 sup,cr.. % o ze21{0 < Fiv <|fi = filalvl2} = op(1), which is
similar to the proof of (i) due to the boundedness of v and thus details are omitted.
Note that

VT sup 2“"5"‘221 2140 < Fiy < 1Fs = Flahyle)

YelT

107



IA

2v/2|6 2/2|6
VI sup PR S 10 < Fiy < OAG) + VT sup PSPl il > 0)
velr

~vel'r
\f2\f|50|2 21 ¢ 1/2-0\p(;
T2 Y 1 {inf [fiy] < Ay < Op(TV2)R(inf | fiy] < CAy)
t
Op(TY?>7¢A;) = op(1).

(iii) For each j,
1

T > Zi(A) = Zjs(vo)ee

t

Z:thet 1{ft7 >0} — 1{ft70 > 0}]| + 2 sup

Yel'r

=l > 0 - 1T > 0]
t

Note that f{y = g;¢ for g = g+ + heN—2 and ¢ = H™'~, and § is p-mixing. Since QAS

is consistent, by Lemma the first term on the right hand side is bounded by: for any
€1,€2 > 07

1 ~ = _
P <|T > wpe{f7 >0} = {flvo >0}l >T 1/2€1>
t

o) +P ( swp | Z%t&‘t 1{gi6 > 0} — 1{gj60 > O}]}> > T1/261>
‘(b ¢0|<61\/>

Ceten

<o(l) + —5— < o(1) + Cea.
€1

Because €1, €2 > 0 are arbitrary, the first term is o(7T~/2)
As for the second term, by (E.8§]),

sup |* Z%tft {fiv > 0} = 1{f{ > 0}]]

VGFT

< sup Z e {fiy <0< fly} + sup — Z lwjed {fly <0< fly}
~ver T ~vel T

<

Op(A; —|—T 6) = op(T71/?).
(iv) By (E.8)), for each j,

%Z[th(%) Zji(v0))e

t

Zf‘:tm]tl{fﬂo <0< ft'YO}

T
1 ~ -~
+ |7 Y s l{F0 <0< fro}| < Op(Ag +T7%) = op(T712),
t=1
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and

T
5 1 S
T > [Zjt(v0) = Zir(v)ler = T > ewjil{fino <0< fir}
t t=1

T
1 N
T ;‘gtﬂ?jtl{ft/% <0< fiv},
unless it is zero. Then, Eet:vjtl{ﬁ’yo <0< flv} =0 as & is an MDS, while
1 & 1 &
) ) -
var | 75 2 et <0 < firo}| = 7 2 Bl {fino <0 < oo Blet s g u] = o).

Thus + 3°,(Z:(v0) — Ze(0))ee = o(T~1/?). n

E.7 Limiting distribution of 7 (Proof of Theorem [5.3; Part II)

Recall the defintion of ry7 in (E.25)), which represents the convergence rate as a function of
both N and T, and define

INT =/ T’NTT1+2"D and g=rnr ('y — ’}/0) ,

which are introduced so as to define a reparametrized process that reflects the convergence
rate ry7. Then, the following lemma shows that the estimator 4 can be represented by the

following minimizer of the reparametrized version of the process:
. 3 g S
argmin [y {ST (a0770 + > —Sr (040,70)] :
9:91=0 'NT

Note that we fix the first element of g at 0 to impose the normalization restriction of ;3 = 0.
The following lemma now presents the separability of the centered and scaled criterion

function.

Lemma E.8. Let o = ag + bTY2, and v = ~o + gr&%. Then, uniformly in b,g on any

compact set,

INT [SVT (e,7) — St (040,%)]

= —inrCy <50770 + g> +InTE <§2 (’Yo + g) +Cs (’70 + g))
NT NT NT

+lNTT_1E[b/Zt(’yo)]2 + INT [@2(0&0 + bT_l/z) + @4(010 + bT_l/Q)}
+op(1).
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Furthermore, the two processes lNT(El (50,70 + 1 ) and T [@2(040 + bel/z) + @4(040 + bTﬁl/Q)

TNT
are asymptotically independent.

Proof. Uniformly in 7, and ¢ = H77y, by Lemmas and

IC1(8,7) = C1(80,7)| < IC1(8,%) — C1(8,%)| +[C1(8,%) — C1 (S0, 7)]
< (T + | = aola)Op(Ap + T7%) + (Op (T71) + T2 ¢ — o) T# 6 — dol,

Note that [§ — 40|z = Op(ryy). Hence Lemma implies

InT|R2 (7) = R2 (¢)| < Op(Aj+ T )T *Iny = op(1)
InT|Rs] < Op(T7Y2T=¢r b Ine = op(1)
InTIC1(8,7) — C1(d0,7)| < Op(T™?)Aslnr = 0p(1)
Int |Cs (d0,7) — Cs (4, 7)‘ < Inr ‘@3 (6,7) — Cs (5, 7)‘ +INT ‘@3 (6,7) — Cs (5077)’
< INTT™PO0p(Af)(T~% + |a — agls) + IntT¥0p(N~Y2)|a — agls
< op(1).

In addition, recall Gy := |Ra(7) + Cs(d0,7) — (ER2(7) + C5(d0,7))|. By Lemma
when 7172 = O(V/N), InrG2 < (Op(%) + 0772 |y — v0|y)T~%InT = op(1). When VN =
o(T'=22) In7Go < [T‘QWOP (%) + T_2SO’I7T]2VT\/N:| T=%InT = op(1).

Note that, R(«, ¢9) = E[V'Zi(70)]%. In addition, Lemma and Lemma show uni-

formly in «,~, for any € > 0, there is C' > 0 that does not depend on e,

InT|R1(c,7) — R(e, ¢o)| < InT|Rile, ) — Ria, Hp'y)|
+int|R(e, Hy ') — R(a, Hy'y))|
< Op(lNT)’a — Oéo|§ + lNTC|Oé - OZO|%[OP(1) + E]

Op(lNT)Til = Op(l)\/ ryT—1t2¢ = Op(l).

All the above Op, op are uniform in «, g. Then uniformly in «, g, for v = v9 + gr;ﬁf,

/2 _ op(InT)|ae — o %

INT[ST (0, 7) — St (0, 70)]
= Inr[Ri(e,y) + Ra(y) + R3(a, ) — C1(8,7) — Ca(a) + Cs(8,7) + Ca()]
= op(1) + Inr[ERs (7) + EC3 (60,7) — C1(80,7)] + Inr[R (o, o) — Ca(e) + Cy(e)]

Turning to the last claim, first note that when Izt = o(T), INntT'E[b/ Zi(70)]? =
op (1) and In7 [@2(040 +bT1/2) 4 Cy(ao + bT*1/2)] = op (1) due to the proof in Section

When Iy = T, we need to show that Iy [@2(@0 + bel/Q) —i—@;(ao + be1/2)} is
asymptotically uncorrelated to [ NT@ (50,70 + 2 ) This follows from Lemma in the

NT
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ensueing section. I

E.7.1 Empirical Process Part

We concern the weak convergence of the empirical process given by

T
. 2 ~ ~
InTCy (50,70 + T;;) = Intp > ey <1t <70 + g) — Lt (Wo))

] 'NT
= 2@11 (HTg) - 2(:12 (HTQ) 5

where 4; = §j¢o and

T

< VINT ’ o 8 o

C = E dol< —g,— <u; <O0p,
11 (g) \/T 2 EtTyaQ 7n - U <

T
o VTINT o o 9
C = § ewydol 0 < iy < —g;——
12 (g) \/T v E1T a0 { Ut =~ gtrNT )

where g belongs to a compact set @&. This is because IypT 7% = \/W , 0t = g +
hi/V'N = Hp" fi, and flg = g;Hrg.

We introduce this transformation to remove the randomness in Hp from the definition of
the processes C1; (g) and Ci2 (g) and make use of the stationarity of §;. Furthermore, in view
of the extended CMT in Lemma Ciy (Hrg) and Cia (Hg) have the same weak limit if
Hr -2 H and H is a finite constant. Thus, it is sufficient to derive the weak convergence of
((éll (g),Cro (g)) to some process, say, (C11 (g),Ci2 (g)) . Since Cyg (g) is of the same type
as @12 (g) and there is no correlation between the two as £, is an mds and the two indicators
are orthogonal to each other, we focus on the stochastic equicontinuity and fidi of Cy; (9).

The stochastic equicontinuity of Ci (g), however, is a direct consequence of Lemma

since iy and g; are stationary triangular arrays and thus for any finite g and v = - JST and
for any c,e > 0
IP’{ sup Cn (h) — Cyy (g)‘ > c}
lb—gl<e
1 & c
=P sup  —= Y gaido (1{-giy <t <0} —1{-g7 < <0}) >
{w—v«/rw VT ; TNT
2
€
= 06747

which can be made arbitrarily small by choosing ¢ small.

Turning to the fidi of Cy; (g), we first check Cy; (g) satisfies the conditions to apply the
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mds CLT (e.g. Hall and Heyde 1980). Specifically, let vy = \/rnrera;dyl { gtr < < O}

which is an mds as ¢; is an mds, and verify that max; |v| = op (ﬁ) and that %thl v?
has a proper non-degenerate probability limit. However, T 2Emax; v} < T 'Ev} by the
stationarity and by max; |a;| < 3.7, |a¢| and

T 'Ev} = T 1r3,E (o)™ 1 {—gt <t < 0} < CT 'ryr = o(1). Furthermore,
T Zt L (v} = Ev}) = op (1) due to Lemma E Thus, it remains to show that the limit
of Ev? does not degenerate, which is shown in the following.

To that end, we first derive the following limit

L(s,g) = N’lTiIBOOE (Cn (s) — Ci2(s) — C11 (g) + Cia (9))2

= lim TNTEnf 1
T—o00

)

for s # g and 0, = e;2dp.

Note that each element g € & is linearly independent of ¢y = H~yp, since g; = 0 while
o1 = 1. Otherwise, there is ¢ # 0 such that g = c¢¢y. Then, g = Hg = cH~yp, which in turn
implies that g = cvyy. This is a contradiction as g; = 0 while 79; = 1. This allows us to apply
Lemma [E.9 below to conclude that

rnTEnZ1 {Ut +9t7 > 0> U+ gy JiT}

- E [77::2 (_gtg + gtﬁ) (gtg < 9t5) |lup = 0] pu (0),

and that

rnTEnil {Ut +gtﬁ <0<+ g, f/T}

— E[nf (98— gis) 1 (gig > gis) |ur = 0] pu (0).
Thus, we conclude that
L(s,g) =Eo [n7 |g; (9 — )| ue = 0] pu (0).

Putting these together, we conclude

InTCh <507 Yo + g> =2W (9),
TNT

where W (g) is a centered Gaussian process with the covariance kernel

EW (g)W (s) == (L(Hs,0)+ L(Hg,0)—L(Hs,Hg)),

N
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recalling that EXY = 1 (EX2 YEY?-E(X — Y)Q) and Cy; (0) = 0.

Lemma E.9. Assume Assumption[9 Then,

o o1 S o o

rnrEn?l {ut +§— >0>u +g£—g } —E [nf (ggs — ggg) 1 (gig < gés) lug = O} pu, (0),
NT NT

as N, T — oo.

Proof of Lemma[E.9 First, we write a conditional density of %; given a random variable Y

by p(u]Y’) for more clarity. Note that

o o S o o w
T‘NTIEnfl {ut +g,’5— >0> +g£}
., NT ., NT
S w
= TNTEngl{—gt <ﬁt§—7gt }
NT NT
g 21 B o1t T, v o/
= E E(nil— @8, gw | p | —|98, grw d21{9t3>9tw}
—ds INT TNT
= F 7§th 2 of ool of ool d=1 o/ of
= _ E(10,gis, gow) p (Olgzs, gw) dz1 {g;s > giw}
—gls
E e E 2, % ol ol E 2 7 ol ol dz1 o/ of
+E [ Ml Gis giw ) = B (010, gis, i) ) p (0les, Gw) d=1 {gs > Gy
—gls
E —gw 2ot o ol E (n210.ds. d'w) dz1 { & o/
+ 3 p %lgt&gtw —p(O]gts,gtw) (m|0,gt8,9tw) z {gt3>9tw}
—gls
g 21 % ur 2 ol 2R ool
+E E (ni|=—, dis,giw | —E (0710, g;s, gyw) ) ( p | —1dis, giw | —p (0lgzs, gyw)
—g;s 'NT rNT

dz1 {gés > géw}

by a change-of-variables formula z = rypu. First,

—g,w
E [ /  E@10, g5, giw) p (0lgs, ghw) d=1 {gps > gzw}]
s
= E(1{gs > giw} (g5 — grw) E (0710, g;s, giw) p (0]gss, Giw))
= En71{g,s > g} (s — gyw) | = 0) py, (0)

E (

— Eni1{g;s > giw} (g)s — giw) |ur = 0) py, (0),

where the convergence holds by the following reasons. Since (7, gg)’ LN (M, g{)’ as N — oo,
we have 121 {gls > g} (s — gw) > n?1{gls > giw} (g)s — giww) and i 2 wg by the
continuous mapping theorem, which imples by the Lipschitz continuity of the densities (As-
sumption |§| the convergence of py, (0) and the conditional densities. This in turn implies
the convergence of E (nf1{g;s > gjw} (§;s — gjw) |tix = 0) due to the uniform integrability,
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which is implied by the boundedness of E (77;1 |Gel3 \ﬁt)
Then, we show the other terms are negligible. We elaborate the first of these since the

reasonings are similar.

_géw z o o o o z o o o .
E / (E <n§|,g£s,g£w> —-E (U?IO,gés,géw)> ——p (0|gts, giw) dz1 {g;s > giw}
—gls TNT INT
—iw z o oyl o/ o/
< CE ——dzp (0|g;s, grw) 1{g)s > gyw}
~gjs TNT
1
= C'E(“’wa— “'s2> =o0(1).
(giw)” — (g1s) S (1)
1
E.7.2 Bias

We show that, as N, T — oo,

lNT(E§2(g> + @3(9)) — A (W,g) )

where
Aling) = ME (o oo + 21| - |65 2

and that A (w,g) — 400 as |g| — +oo for any w.

Proof. For v = H1¢, and g = rn7 [y — 70|, we have ¢ — ¢g = H(y — 7o) = r;,%Hg, with
g1 = 0 due to the normalization. Suppose g # 0. Let

rg = ¢ — oly (¢ — ¢o) = |[Hgly ' Hg.
We only need to focus on the case that ry is linearly independent of ¢q. Let
CNT = \/JVT]?T
By the proof of Lemma [E.6

INTE (@3 (00,7) + Ry (’Y))
= In7E (2100)% (A1e (0) + At () — Ase (6) — Aue (0))

Step I: obtaining the results for the case of w € (0, c0].
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In this case, (n7 — (w € (0, 00]. We now work with (E.18). Note that for p = 1.5,

INT
T2¢ NO5+1/(2p) o(1),

and
My = ——=Ing T~ 2PCnr — My, = max{1, w3} € (0, ).
NT = v CNT { } € (0,00)
We shall use the following equality, which can be verified:
la+0bl—|b] = Z(a,b), where
E(a,b) = —al{a<0}1{b<0}—(a+b)1{a+b<0}1{b>0}

—bl{a+b < 0}1{b >0} +al{a+b> 0}1{a < 0}
+al{a>0}1{b>0}+ (a+b)1{a+b>0}1{b<0}
+01{b < 0}1{a+b >0} —al{a > 0}1{a + b < 0}. (E.27)

Let g;(¢ — ¢0) = a, }é%) = b, Note that (E.18|) can be written exactly as the right hand side

of the above equality, up to Ej,,—o(21d0)*puy, (0). Hence 1' and the above equality imply,
for ¢ — ¢o = ryrHry,

INTE(2}60)? (A1 — A3 + As — Ay)
= In7Ejy,—0(2160)*pu, (0)2(a, b) + o(1)
=) LBy —olal)pa(0) | g (6 o)+ 212 = [220) | o)
=  Cyr(Hrg)+o0(1), where
Cnr(g) = MNTEy,—o(2ido)*pu, (0) (|18 + ¢S hido| — |5 Rido))

In the above, (1) is rewriting (E.18) using the notation of Z(a,b) for g,(¢ — ¢p) = a and
L\/%’ = b; (2) uses the equality |a + b| — |b| = Z(a, b).

Step I.1: pointwise convergence of ¢ N (9)

We now derive the pointwise limit of Cnr(g). Define

ﬁgt \gtg+Cw Z| ‘CJIZ‘-

Then Cyr(g) = MNTE 4y, —o(x}do)*pu, (0)E[Fy, (h}¢o) |2, 9. Now we use the following port-
manteau lemma: X, — X if and only if EF(X,) — EF(X) for all bounded continuous
functions F. Note that hidolze, gt LN Z;. Now for each fixed (z¢, g¢),

|Fy(2)] < |gil;
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the right hand side is independent of z, and ﬁgt(z) is continuous in z. So we can apply the
portmanteau lemma to conclude that E[ﬁgt(hgqﬁgﬂxt, gt] — E[ﬁgt(Zt)\xt, g¢] for each fixed
x¢, g¢. This further implies, Py (¢, gt) — P(x, g¢) for each fixed (x¢, g¢), with

PN(xtvgt) = (wédO)qut(O)E[Egt(hgéo)‘xhgt]v
Pz, gt) = (wdo)*pu, (0)E[Fy, (24)|at, ge].

In addition, note that for each fixed xy, gy, |E[ﬁgt(hg¢g)|xt, at]| < |gig|. For all N,
|Pn (2, 91)] < (2}do)?py, (0)|gig]; the right hand side does not depend on N, and has a
bounded expectation: E(z}do)?py, (0)|g;g] < co. Hence by the dominated convergence theo-
rem, the pointwise convergence of Py (x¢, g:) — P(x¢, g¢) implies E|ut:0PN($ta gt) — IEWFOP(xt, gt),
which means

Ejy,=o(21d0)*Pus (0)E[Fy, (o) |2, 91] — Eju=o(xido)*pus (0)ELFy, (20) |1, 9]

Also, My7 — M, € (0,00). Thus

Cnr(g) MNTE},—o{(21do) put(o) [Fg, (hibo) e, ge]}

= MyEy,—o(2ido)*pu, (0)E [Fy, (Z0)|24, 91
- MwE(xtdo b + ¢V 2] — | 2] \uto)puxm
= A(g).

Hence we have proved for some C' > 0 and any |gls < C,

ZNTE(JI;(S())Q(Al — A3+ Ay — A4) =
Cnr(g) —

Cwr(Hrg) + o(1),
Alg).

Step 1.2: CNT(HTQ) i) A(w, g)

We apply the extended continuous mapping theorem (CMT) for drifting functions (cf.
Lemma [H.4). To do so, first note that Hy — H for some K x K invertible nonrandom
matrix H (e.g., Bai (2003)). To applied the extended CMT, we need to show, for any

converging sequence gr — g in a compact space, we have

9

Cnrlgr) = A(g). (E.28)

Once this is achieved, then because Hrg Ny 4 g, by Theorem 1.11.1 of van der Vaart and
Wellner| (1996), we have Cyr(Hrg) il A(Hg) = A(w, g).

To prove (E.28), note that [Cyr(gr) — A(g)| < |Cnr(ar) — Car(g)l + |Car(s) — Ag)l-
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The second term on the right hand side is o(1) due to the pointwise convergence. It remains

to prove the first term on the right is also o(1). By definition,

ICnr(ar) — Cnr(9)] < MNTE ), —o(zido)*pu, (0)E[|gi (97 — )| |24, 91]
< O()Ejy,—o(zido)?|g¢l2 lor — 8] < O(1) lgr — g| = o(1).

Hence by the triangular inequality, (E.28)) holds. It then immediately follows that {x7E(z}d0)% (A1 —
As + Ay — Ay) i A(w,g). In particular, when w = oo, (;! = 0 and M, = 1, so
A(w,g) = Ao, 9).

Step II: obtaining the results for the case of w =0

In this case, we have that (y7 — 0, and

— l 2
MyT = WTQW — 1.

We now work with the last equality of 1) up to W =o(1),

INTEjy,—o(2100)* (A1 — A3 + Ay — Ay) := Cnpa(Hrg) + o(1)

where
C o _lNTT?Z(pCNTZ]E 'd 2 / -1 . 144 -1 B 1{n
NT,Z(Q) = JN \ut:O(f’?t 0)“Pu, (0) (th + Cnr t¢0) {gtg + Cnrhido < 0} { 1Po > 0}
INTT 2% _ _
NN o(ado) e (0) (s + Cibhion) 1 {afa -+ Cbhin > 0}1 {Kjon < 0.

Step II.1: pointwise convergence of C NT2(9)

We now derive the limit of C ~NT2(g). Change variable y = hgqﬁocgf%, ¢ ~NT,2(g) equals
— M 12pu, (0)E[(2}do)* Fyr,1 (9o 2e)|ur = 0] + Myr2pu, (0)E[(2fdo)*Fnr 2 (g1, x4) s = 0],

where

Fnr1(ge, ) i= / (9:0 +y) 1{gi8 +y < 0} 1{y > 0} Pr;go|gs,20u=0(CNTY)dy

Fnr2(9t,2¢) := / (gr9+y)1{gig+y>0}1{y <0} Pholge,ze,ur=0(CNTY)dy.

For each fixed y, z¢, g1, as (v — 0, for any C' > 0, for all large N, T, |(n7y| < C. Recall
pz, () is the pdf of N(O,U%,xt’gt) with J%L’%gt = plimy_, o E[(h}¢0)?|2s, 91, gido = 0]. By
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Assumption [§]

P dolge i ui=0(CNTY) =P, (0)] < ‘Srlpc PR, dolge e un=0(2) =Pz, (2)|+|pz, (Cvry) —pz, (0)] = o(1).
z|I<

and Supy, o, Pt dolgs.eru—=0(") < Co for some Cp > 0 for all N,T. For each fixed g; and all
N, T, the integrand of Fnr1(g, ) is bounded by

| (gio+v) 1{gia+ vy <0} 1{y > 0} prrgo|geesue—0 (CnT)| < Col (919 +y) 1{gig +y <0} 1{y > 0}|
with the right hand side being free of NV, T and integrable with respect to y:

(9:9)*
2

/\(g£g+y)1{g£g+y<0}1{y>0}\dy= 1{gig < 0}.

Hence by the dominated convergence theorem, for each fixed g, x4,

1
Fnra(ge ) = Fi(ge, o) == / (i +y) 1{gig+y <0} 1{y > 0} pz,(0)dy = —5Pz (0)(g,9)*1{g;g < 0}.

Nnote that pz,(0) does not depend on N, T, and is a function of zy, ¢g; through 027% g In
addition, let R(x¢, g¢) = Co(:z:gdo)le{ggg < 0}. Then for all N, T,
[(zdo)* Fnra (g, a)|l < (2do)’| / (919 +v) 1{gia+y <0} 1{y > 0} Prgolgue,ue—0 (CNTY) Ay

Co(a)do)? / (gla+v)1{ga+y<0}1{y>0}|dy

IA

_ R} (929)2 ’ _
= Co(wydo) Tl{gtg <0} = R(xt, 9t)

Here R(x¢, g¢) is free of N, T', and E(|R(x¢, g¢)||us = 0) < oo. Therefore, still by the dominated

convergence theorem, E[(x}do)?Fnt1(gt, 7¢)|us = 0] — E[(x}do)?F1 (g, v¢)|ur = 0]. Using the

similar argument, we also reach: E[(x}do)? Fn12(gt, ¢)|us = 0] = E[(z}do)? Fa(g¢, x4 ) |us = 0],

where

Fy(gi, x0) = / (9i9+y) 1{gig+y >0} 1{y <0} pz,(0)dy = %pzt (0)(g:9)*1{g;g > 0}.

So

9

Cnr2(g) = —Mnr2pu, (0)E[(z}do)* Frri(ge, w)|ue = 0] + My72py, (0)E[()do) 2 Fnr2(gs, ) ur = 0]
= —2E[(z}do)*pu, (0) F1 (g¢, 1) [uy = 0] + 2E[(2ydo)*pu, (0) F2(gs, ) us = 0]

= (E(#}do)*(919)*|ue = 0, Zy = 0)pu,,z,(0,0)

= C(g).
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Step I1.2: ((V:NT,Q(HTQ) L C(9)

Again by the extended CMT (Lemma , due to the pointwise convergence of C ~NT,2(9),
similar to the proof of step 1.2, it suffices to prove, for any converging sequence gy — g on a

compact space, ‘CNTQ(QT) — CNTQ(g)\ — 0. By definition, ‘CNTQ(QT) — CNTQ(Q)‘ < ai+ao,

where
a1 = My72pu, (0)E[(z}do)?|2(ar) — 2(g)|[ue = 0]
z(gr) = / (gi0r +y) 1{giar +y < 0} 1{y > 0} Pt golgs 0000 (CNTY) Y
az = My72py, (0)E[(z}do)?[Z(g7) — Z(g)|Jus = 0]
Hor) = [ (sigr +) Uolar + 5> 0 10 < 0} pigauigmea—olGnra)dy

and as is defined similarly. Note that

2(g7) — 2(9)| < /I (gior +y) 1{glor +y <0} — (gig+y) 1 {gig +y <0} |1 {y > 0}
'phé%\gtJt,Ut:O(CNTy)dy
= |g£(gT —9)ll {QQQT ty< 0} Hy > O}ph;¢0|9t,$t,ut:0(CNTy)dy

+/| (gt9+v) I {gig+y <0} —1{gigr +y <0} [1{y > 0}
'phi%\gz,rt,m=0(CNTy)dy
< Clgilslgr — glo-

Thus a; < O(1)E[(z}do)?|gt|3lus = O]lgr — gl = o(1). Similarly, az = o(1), implying
((v:NTg(gT) — @NTQ(Q). Hence by the extended CMT, ((v?NTQ(HTg) £, C(g).- S

INTE =0 (%100)? (A1 — A3 + Az — Ag) = Cnr2(Hrg) + o(1)
P
— (E(x;d0)2((g£Hg)2|ut =0,2; = 0)put7zt(070) = C(g)

Step I1.3: C(g) = lim,—0 A (w, g)

As w — 0, we have that ¢, = w'/3, M, = w3, Still use (E.27) with ¢/Hg = a,
(512, = b, and the formula |a + b| — |b| = Z(a, b):

A(w,g) == MJE |(xdo)® (|giHg + (S 2| — ¢S 2])

= MuE,,—o(zido)*pu, (0) (Ja + ] — [b])

= —MuE,,—o(2}do)*pu, (0)al{a < 0}1{b < 0}
+ M Ep, —o(}do)*pu, (0)al {a > 0} 1{b > 0}
+ M Ey,—o(%}do)*pu, (0) A(a, b)

up = 0} Pu, (0)
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where A(a,b) denotes the sum of the other terms in the expression of Z(a, b) given in (E.27]).
We now aim to obtain alternative expressions for the first two terms on the right hand side.
Note that conditional on (x4, g¢, us = 0), b = (1 Z; is Gaussian with zero mean, so the first

term on the right hand side can be replaced with

~ME(1do)*pu, (0)al{a < 0}1 {b < 0}
= —M,E(x}do)*py,(0)al{a < 0}1{b > 0}
= —M,E(z}dg)*py,(0)al{a < 0}1{b > —a} — M,E(z,do)*py, (0)al{a < 0}1 {—a >b> 0}

Similarly, 1{b > 0} in the second term on the right hand side of A(w, g) can be replaced with
ME(z}do)*py, (0)al {a > 0} 1{b < —a} + M E(x}dy)*py, (0)al {a > 0} 1{—a < b < 0}.

These alternative expressions can be combined with A(a,b), to reach: (note that M, = ¢, !
and (, — 0 as k — 0),

Aw,9) = —2¢ E‘ut o(@hdo)*py, (0) (a +b)1{a+b < 0}1{b> 0}
1265 By -0 d0)2pus (0) (a + b) 1 {a + b > 0} 1 {b < 0}

=  —2E4,—0 (x}do) put(()) (a+b)1{a+b<0}1{b>0}pz({b)db

+2E =0 xtdo Du, (0 (a+b)1{a+b>0}1{b<0}pz(Cxb)db

+2E;,—0 (24d0)*pu, (0) [ (a+Db)1{a+b>0}1{b<0}pz(0)db

= E|Ut O(xtdo) put( ) t O)a2
= (E(21d0)*(91H9)?|us = 0, 2 = 0)pu,,2,(0,0) := Clg).

—W 22K, —o(x}do)*pu, (0 /a+b 1{a+b<0}1{b>0}pz(0)db

It remains to argue that (1) in the above limit holds by applying the DCT. First, for
1 2
ex =
QFU}ZL,zt,gt p( 20 f2" Tty 9t )

(2mo? 2 gt)_1/2 < Cy for some Cj > 0, due to infy, g, o7 2.9, > Co (by the assumption). So in

each fixed b, pz,((,b) — pz(0). Secondly, sup, pz,(z) = sup,

the integration: (a = g;Hg)

Ent(a) = / (a+b)1{a+b<0}1{b>0}pz ((xb)db
[(a+b)1{a+b<0}1{b>0}pz(¢b)| <|(a+b)1{a+b<0}1{b>0}|Coy, where the right

hand side is free of N, T and is integrable: [|(a+b)1{a+b<0}1{b> 0}|db < co for each
fixed a. Then DCT implies Ex7(a) = E(a) :== [(a+b)1{a+b<0}1{b>0}pz (0)db for
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each fixed a. Thirdly,
[(x2do)*EnT(a)| < (22d)*Co / | (a+b)1{a+b<0}1{b>0}|db < 0.5(z?dy)*Copa?

with a = g;Hg, so that 0.5(x7do)*Coa? is free of N, T and is integrable: Ej,, _00.5(x7do)*Coa® <
o0. Also, (z2do)?Ent(a) — (22dy)?E(a) for each fixed x4, g;. Thus applying DCT again yields

Eju,=o(27do)*Ent(a) = Ejy—o(aido)*E (a).

The same argument also applies to the second term on the right hand side of (1).

F Proof of Section [5; Estimated f (Iterative Approach)

We now give the proofs for the iterative approach. We omit detailed discussions but sketch

main differences from previous derivations in Section [C.2] and [E] for the sake of space. Let

. . 1 .
St (7) = minSr (o, 7) = min Et:(yt ~ Zi(7) )’

Claim 1. 7° 2 ~; for the approximate estimate 79 = argmin,cp,. Sr ().

Claim 2. For a given 7, let
& (7) = argmin Sy (ov, ) .
«

Then, for any ~ 2, Y05
% (a(y) —ao) = op(1).

Claim 3. For a given «, let

3 (o) = argmin Sy (o, 7) .
vel

Then, for any & = ap +op (T7%),
7(&) =0 = Op (T2 + N712) |

Claim 4. For ¥ =9+ Op (T2 + N—1/2) 7

& (7) =@ (10) + op (jf)
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and & () is an oracle estimator:

Q)

71/2)'

(7) — o + (%) Zt (0)' ¢ (70) et + op(T

T

IIMﬂ
IIMﬂ

Claim 5. For a = ag + Op (T—l/Q) 7

(@) — 0 = Op(ryy)

where

o 1 1
TN = max (NT1—230)1/37 Ti2p |-

Claim 6. Derive the asymptotic independence of ry7 (3 (@) — v9) and VT (& (Y) — ag)

and their marginal asymptotic distributions.

Then, for our iterative estimates, we can easily note that a° = a ( ) fulfils the conditions
for claim 2 and 4! does for claim 3 as 3! =7 ( ) , while @' fits to claim 4 as a' = @ (/7\1)

In addition, A2 fits to claim 5 as 32 = F(al) .

Proof of claim 1. It is sufficient if we show that A satisfies (E.9] in the proof of Proposition

that is,

St () < Sr (y0) + op (T7%). (F.1)

Repeating the argument using Lemma and the ULLN for the preceding derivation, we
can observe that for any ¢ > 0 there exists Ty < oo such that for all T' > Ty,

St () — St (70)
Sr(y) - Sr (vo))

!
“(
T |y—ol<¢r

P
< Op (;) +Op (T\/_;> +op (T7%) = op (T72),

IN

max
[y=0l<eT

1

where
835 (P () = P () Xoo = Op(T ). X6(Z () — Z0) + 7:(Z () Z) = Z0) Z30))]
< Op(T™%) [Af + 770+ ‘ su|p¢ %Z 2 21{ fry > 0} — 1{fiy0 > O}] =op (T7%%).
Y= |<%T t
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Proof of claim 2. Recall 1,(y) = 1{f{y > 0} = 1{g;¢ > 0} for ¢ = Hrv; 1; = 1:(70).

a

(v) — ao

IN

IN

1~~~ SRS 1~ .
(T S ZZ (7)’) (T > Zi(e+ =3 Ziy)atdo (1 (Fir > 0) - 1t))
t=1 t=1 t=1

Op (1 T (Af + T6)> + OP(l)% ET: Zy () x30 (1 (J% > 0) - 1t)
t=1
Op + OP(T_“"\/%) +Op(1 TET:Z ) 7300 < (fﬂ > 0) -1 (ft’Yo > 0))

+O0p (T |7 = 0ly) + Op(T™#)EZ; (v) wido (1 (v) — 1o)

Q
&)

Q
e
NN N

+0p (T7% |y = 0ly) = 0p(T%). (F.2)

S-5-51- %

N— N

Proof of claim 3.

Note that for any v, «

St (2, 7) = Ry(a, 7) — Gr(a, 7) 4 terms independent of a, 7.

Recall the following quantities defined in Section [E.3.2}

) + Ra(v) + Rs(a,)

RT(Oé 7) = Ri(ay
Rr(a,v) = Ri(a, )

GT(Oé 7)) = {31(0@7)“@2( a) — Cs(a,7) — Cy(a)
Gr(a,m) = Ca(a) —Cy(w)

The rest of the proof is divided in the following steps.

claim 3:

step i. consistency

First we show the consistency of 4 (@) where @ = oy + op (T~¥). Note

gT (a,7)

—Sr (a,v) = E%V(a,y) - ]Sq(oz,’yo) + EQ(’Y) + Eg(a,v) - @1(a,’y)
+Cs(a, 7). (F.3)

Now for any o = ag + op (%), and v = 7 (a), S (@, 7) = S7 (@, 70) <0,

T sgp[ﬁl(aﬁ) + | Ra(a, 7)| + Cs(e, 7)) = op(1)
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Also,
~ 4 L -
7% sup [C1 (0, 9)| < Op(T™)T% sup| 7 Y-y > O}z = Op(THT ™2 = o(1)
t=1

Also by Lemma T%? sup, |Ra(y) — Ra(v)| = op(1) where

Ry(y) = ;ZT: (00)° ‘1 {Fv>0}=1{f0 > 0}).

t=1

By lemma uniformly in v, T2¢|Ra(y) — ERa(y)| < [Op(T~(1=2)) + T~y — 5o]]. Also,
T2ER,(v) = T*E (x)do)* ‘1 {f?’y > 0} -1 {ft”yg > 0}‘ > ¢y — | — op(1). We then reach

(c=nT7%)ly = yol2 + 0p(1) <0
leading to the consistency of 7.

claim 3: step ii. rate of convergence

We now study each term on the right of (F.3).
(i) Ri(o,7) — Ri(a,v0). By lemma and uniformly in v, and ¢ = Hr7,

Ri(a,y) = fh(aﬁ) + [la - a0\2 + T_Qw]OP(Af +T7°)

= (a—ap) ZZt ) (a — ap) + [Ja — aol3 + T~210p(Ay + T7°)

Now by Lemma recall §; = g + hyN—1/2.
1 o o
(a — ag)’ Z Zi($)Z4(0) — T Z Z(d0)Z¢(¢0)'] (o — o)
t

N . 1 . .
< Cla— agl3| T Z |[3[1{g1¢ < 0 < Gigo}] + Cla — 040|%’f Z |[3[1{gid0 < 0 < G;¢}]
t t
< Cla— agl3Elz:[31{g1¢ < 0 < §ido} + Cla — aol3E|2e|31{gid0 < 0 < g6}
+a — ao3[T )¢ — ¢ol2 + Op(T¢T 1))
< Clo— dolala — agl3 + | — ag30p(T 1)

Hence

‘fil (Oé, ’}/)—ﬁl (a, ")/0)’ = |Oé—a()|%OP(Af+T76+T71+Lp)+C‘(Z)—qﬁo‘g’Oz—Ozo’%-}-TﬁQWOP(Af-FTiﬁ).
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(ii) Rs(a,~). By lemma and uniformly in ~,
Ry(o,7) < [la—agl3 + T=*10p(Af +T7 %) + (Op (T7Y) + CT?|¢p — doly) o — agly -
(iii) Ci(e, 7). By Lemma and

Ci(a,y) = Ci(80,0) + (T7% + |a — apl2)Op(As +T7°)
+(Op (T7Y) + 0T 7% |¢ — ¢o|) T# |6 — ol -

(iv) Ra(y) + Cs(a, 7). Recall

Gi(¢) := ER2(¢)+ EC3(do, )
Gz2(¢) = [|Ra(e) + C3(do, ¢) — (ER2() + EC3(do, #))|-

By lemma and uniformly in v, and ¢ = Hrv,

Ro(v) + Ca(a,y) = Ra(¢) + C3(d, )
H(T™* + o = ag)Op(Ag +T°) + T7¢ |5 — bl Op (N7/?)
= Gi(¢) + Gz2(9)
+(T_(p + |Oé — Oéo|2)Op(Af + T_G) +T% |5 — 50|2 Op (N_1/2> .

(v) Putting together. Sy (a,7) — Sy (a,v0) < 0 implies

0> Ry(a,7) — Ra(a,70) + Ra(v) + Ra(@,7) — Ci(,7) + Ca(e, 7).
Then due to |a — apla = op(T~%),

G1(9) + G2(9) — C1 (do, ¢)

(T“PN_I/2 n T—1+<P) o — agly + T2O0p(Af + T7°)

+(C + )T ¢ — doly | — agly + |a — apl30p(T %)

< op(T2)N"V2 1 op(T1) + T0p(Ag +T~%) + 0p(T2%) |6 — dol, (F.4)

IN

By Lemmas (Ga(@)] + |C1 (Jo. 9) | < by, and G1(9) > CT |6 — dolo — 57ms
where for an arbitrarily small n > 0, by7 = Op(T™Y) +nT =% | — ¢gl, . Then

CT*?|¢ — ¢ol2

C
< op(T™2)N"V2 4 Op(T ) + T=°0p(As +T78) + T2 | — doly +

VNT?2e'
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Since 1) > 0 is arbitrarily small, we have
¢ — gola < Op(N~Y/2 4 7~(1=20)),

Proof of claim 4.

Write Ar(y) = £ 2, Zi (1) Zi (7). By

ay)—ag = Ayt (; ET;Zt Yer + — ZZt ) 2480 (1 (ﬂv > 0) — lt)>

T
= AR Y Ze)e +A<v>—1;

t=1 t=1

IIMH

Z, (7) 40 (1 (ﬁw > o) - 1t) +Op(Ap+T79)

Z (7) 2190 (1 (ﬁv > 0) -1 (f?'yo > 0))

IIMH

T
= AL 22< et A7

(F.5)

By the proof of lemma

T 1 T R
DIICEEEDIANERACNE
t=1 t=1

On the other hand, by lemma uniformly in v, since T'= O(N),

(70) & + op(T~/?).

'ﬂ \

IIMH

T
;EZ () 2160 <1 (ﬁ’y > 0) -1 (J?ho > O))

= EZ () 0 ( (ﬁv > 0) -1 (?no > 0)) + 0T~y =yl + Op(T1)

< O(T )y =l +0p(T™)

< ONTY2T=9 £ T71%%) 4 Op(T™Y) = op(T™V?). (F.6)

So
T
a(y) —ap = Z (v0) e + op(T1/2)
t=1
T
= TZ (70) Zt (0)' ZZt Y0) &t + op(T71/2). (F.7)

This immediately implies & () — @ (y0) = op(T~1/2).
Proof of claim 5.
In claim 3, we proved 7 (o) — 7 = OP(N_I/Q—FT_(I_Q%")), Now suppose VN = O(T1—2<P)_
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By lemmas for ¢ = Hry(«),

1

Ga(¢)| + €1 (60, 90) | < anr, Gi(d) > CT *VN|p — o3 — O(W

);

where for an arbitrarily small n > 0, axyt = T-?%0p (ﬁ) + T2 |¢ — gbo\g V'N.
Then due to o = ag + Op (T_1/2) , i implies

1
](b— ¢0|2 < OP (M) .

Combining with the rates proved in claim 3, we obtain the desired result.

Proof of claim 6.
Let Iy7 = /rn7T1H2¢ and g = ry7 (v — 70). We have

INT (gT (a,y) — Sr (a,’yg)) = lNT[El(Oh’Y) - ﬁ1<a;’)/0)] + lNTﬁ2(7) + lNT§3(0‘a’Y)
—In7Ci(e,7) + InrCs(a, ) (F.8)

For some ¢ > 0, Ay =1log®T /T, so by the proof of claim 3,

INTIRi(0,7) = Ri(a, %) = Inrla— ao30p(T 7 + | — dola) + IneT~220p(Ay + T7°)
12, ¢
_ 1 ryplogt T
— OP(Tl/z—@rle/% it ) = op(l).

By the proof of Lemma INTGo = 0p(1), and

InT|R3| + Iy Rz () — Ra (9) | op(1)
InT|C1(8,7) — C1(60,7)| + InT )@3 (%0,7) = C3(8,7)] < op(1).

IN

Hence

INT (gT (@,7) — St (%70))

= 0p(1) + INTE[Ra(v0 + gryi) + Ca(ao, 70 + gryi)] — InrCa (0,70 + g7 np) -

By the continuous mapping theorem for the argmin function,

ryt (F(a) =) = arg mgin INT (gT (o, 70 + grﬁlT) —Sr (o, ’Yo))
= arg mgin INTE[Ra(70 + gryg) + Cs (0,70 + 9]
—In7Cy (60,70 + gryvy) + op(1).
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Given this, it then follows from the proof of Theorem [5.3] that

rnr (@) —0) N argn&inA (w,g)+2W (g).
g€

Finally, the above result also holds when 7(«) is replaced with 7(ag) by setting o = «g.
More specifically,
rnr (Y(ao) — ) = arg min INTE[Ra (0 + gryy) + Cs(ao, 70 + gryy)]

— InrCy (60,70 + gryr) + op(1).

Taking the difference yields ryr[7(a) — Y(ag)] = op(1).

G Proofs for Section

G.1 Proof of Theorem [6.1: known factor case
G.1.1 Proof of the distribution of LR
Below we prove, under Hy : h(7yo) = 0,

T-LR—%0? ,mirlo(@(oo,gh) — o2

min Q(o0, g).
) tin Q(co, 9)

Proof. Define 7, = argmin, j(,)—0 St(a,7), @(y) = argmin, Sr(a,v), and an = a(F)-
Then,

T%l}$ Sr(a,v)LR = T[Sr(an,Vn) — Sr(@,7)]
= A1+ Ay — A3 where,
Ay = T[S7(@h,An) — Sr(@n,0)]
Ay = T[Sr(ah o) — Sr(@,0)]
Az = T[Sr(a,7) — Sr(@, )]

Let us first prove a useful equality. Note that

T[Sr(a,7) = Sr(e,70)] = T[Rr (e, 7) = Rr(a,70)] = T[Gr (e, 7) = Gr(e, )],
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where Ry and Gr are defined in the proof of Lemma [C.I] Also recall

Kor(9) = T-E (93250)2 1L (vo+9g-r7") — Li(70)]
T

Ksr(g9) = —2251516250 (L (vo+g-m7") — Li()) -
t=1
Here rp = T'72¢, 1,(y) = 1{f{ > 0}. Uniformly over |y — 0|2 < Cr3', |a —aglz < CT1/2,
and g = r7(y —70), we have

T[Rr(a,7) = Rr(a,70)]

= 7653 [rat LS > 0 — 1fo > 0} — Eaeat 1S > 0} — 1{fn0 > 0}] 9
t

+To/% Z:[Zt(v) — Z1(70)1Ze(70)" (o — )

+TE[(x10)* — (x760)2|1{ fiv > 0} — 1{ f{r0 > O}| + TE(x}d0)*[1{ f{y > 0} — 1{f{r0 > 0}
= TE(x;60)°|1{f{y > 0} = 1{f{70 > 0} + 0p(1)
= Kor(g) +op(1)

and

T
~T[Gr(e,y) = Gr(e,y0)] = =23 (8 —do)(L{f{v > 0} = 1{f/70 > 0})
=1

T
—2) " ewydo(1{ f{y > 0} — 1{f{~o > 0})
t=1

= Kzr(9) +op(1).

172 and g = rr(y — ),

Hence uniformly over |y — vol2 < Oyt |a — agla < CT
T[Sr(e,v) = Sr(e,70)] = Kar(g) + Kar (g) + op(1). (G.1)

We are now ready to analyze A;. By Lemma A — 0|2 = Op(T~(1=2%)) under H,.
Also, in the proof of Lemma we have shown that |ay — aglz = Op(T~'/2). Hence apply

(G.1) with o = @y, and v = Fp,
A1 = T[St(Qh,An) — Sr(@n,70)] = Kar(gn) + Ksr (gn) + op(1).
To analyze the right hand side, recall that in Proof of Theorem

Kr(09) = T (Sr (0 +a- T 0 +g-r71) =1 (o)
= Kir(a) +Kar (9) + Ksr (9) +op (1)
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where op (1) is uniform over any compact set. Define

(@n,gn) = arg min_ Ky (a,gn)
a,h(yo+gnry)=0
gn = T @, — )
gn = arg min Ko7 (gn) + Kar (gn) -

h(vo+gnry " )=0

Then K (an, gn) < Kr (@p, gn) , implying

Koz (gn) + Ksr (9n) + K7 (@) + op(1)
K (@n, gn)

Kz (@, 9n) = Kor(gn) + Ksr (gn) + Kar (@) + op(1)
Kot (gn) + Kar (gr) + Kir (@n) + op(1).

Kr (@n, gn)

IN

IN

Thus

Kor(gn) + Kar (gn) = Kar(gn) + Ksr (gn) + op(1)
= min  Kor(gn) + Ksr (gn) + op(1)
h(yvo+gnry )=0

These imply, with Q7 (g) := Kar (9) + Ksr (g9),

A1 = Kor(gn) + Ksr (gn) +op(1) = min  Kor (gr) + Kar (9n) +op(1)
h(yo+gnrpt)=0

= min — Qr(gn) + op(1)
h(vo+gnry )=0

= min Qr(gn) +op(1), (under Hy : h(v) = 0),
rr{h(yo+gnry ) —h(70)}=0

— i + op(1).
gfé}fi OQT(gh) op(1)

As for Ay, Lemmal|G.1|shows that Ay = op(1). As for Az, by definition (@, g) = arg min, 4 Kr (a,g)
and g = T7'2% (7 — 49). Apply (G.1) with « =& and v =7,

Az = T[Sr(a,7) —Sr(a,v)] = Kaor (9) + Kzr(g) + op(1)
= mginQT(g) +op(1).

Together, we have

TminSr(o,v)LR = A1 + Ay — A3 = ,miTLOQT(gh) — mginQT(g) + op(1).

Y gthf

Note that Qr(-) = Q(o0,:). In addition, the operator P : f — min g p—0 flgn) —

min, f(g) is continuous in f with respect to the metric (essential supremum)|fi — faloo =
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inf{M : |fi(z) — fa(x)| < M almost surely}. Hence by the continuous mapping theorem, and
the fact that min, , Sr(a,v) =% o2,

T-LR—%0? min Q(co, gn) — o ~2min Q(oo0, g).
g5, Vh=0 g

G.1.2 Proof of the distribution of LR}

Proof. We first prove that under Hg : h(yo) = 0,

TST(@",7") LR = min Q7(gn) — minQ7(g) +op-(1)

Ih

where Q3(9) = X, (#18) [ (7 -+ 9-77") — L@ -2 XL néiafd (1 (749 15') — 1))
To do so, define

o(y) = argminSp(a,7),
7(a) = argminSp(a,7)

ol
(o) = arg min  Sh(a,7).
(@) g, nin_ Sr(e7)

We have TS3(6*, 7*)LR* = T[Sh(@*,7%) — Sh(@*,7*)] = A} — A3, where

A1 = TSr(@,3) - Sr(@, )], Ay =T[Sr(@",7") - Sp(@,7)]-

Define
1 T 2
Ry (o, 7) := T Z (Zt (7),04 —Z (?)’&)
t=1
5 L
Gy (e, ) = Tznté\tzt (1) @

t=1

T
. 1 ~ ~ 2 ~
1 (@) == a’f Z Z () Zy (7)/ a——= Zﬁﬁtzt (7)/ a,
t

Ko (g) =T T ( ) 1 (F+g-rp )_1t(;}7)|7
T
Ksr (9 Zm&mt L (F+g-r7') — L))

Kj (a,9) =T (ST (@+a -T2 54 g07") = 51(@7)).
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We first show two important equalities:
(i) T[S (e, ) = Spla, 7)] = Kip(9) + Kip (9) + 0p-(1)
(i) K7 (a,9) = Kiz (a) + K57 (9) + K3y (9) + 0p- (1),
where op+ (1) is uniform over any compact set.
For (i), note that T[S7.(c, v) =57 (e, 7)] = T[R7 (e, 7) =R7 (e, 3)] =T [G (e, 7) =G (e, 7))
To bound the right hand side, note that uniformly for | — @ly = Op«(T~Y2), |y — Al2 =
Op+(rz') and g = r7(y = 7),
T[R;«la 7) - R?(O&, 3)]
= T YRl > 0 - WA > 0+ T S 6n(1{fiy > 0} - 1{7 > 0NZ(A) (o~ @)
= T t tY tY T Tt tY tY t\7) e —
t t
* = ~ 1 ~
= Kir(9) + Op()T'%16 = 0l Y e 31L{ {7 > 0} — 1{f7 > 0}
t
= Kip(g) +Op()T' )6 — 32|y —T% +op(1) = Ksr(g) + op-(1)
~T[G (e, ) = Gi(e, )] = =2 m&Exi(6 — H)(1{f{y > 0} — 1{f{7 > 0}) + K31 (9)
t=1
= Kir(9) +op-(1),

where we applied Lemma on the bootstrap sampling space to show
S mE (6 — 8 (1{fly > 0} — 1{f/7 > 0}) = op-(1). Therefore, uniformly in g, |y —J|o =
Op~ (7‘7?1), and | — aly = Op(T_l/Q),

T[S7(e,v) = S7(e7)] = Kar(9) + Kar (9) + op-(1). (G-2)
For (ii), note that uniformly for « — & = T~/2¢ and vy — 5 = r;lg, we have
K7 (a,9) = Kir (a) + Kor (9) + Kar (9) + AT+ Az + A3
where
Ai(ey) = 2> (6= Om@(le (v) — 1i(3)) = op=(1)

Aj(ary) = —=3dZ@)5(1 () — L))
VT

Aj(a,y) = op(1) Y [(210)? — (210)%][L (7) — L(F)| = op(1)

t

where we applied Lemma on the bootstrap sampling space to bound the first term, and
applied the same lemma on the original space to bound the other two terms.
We are now ready to analyze A}. By Lemma |a* —aly = Op«(T~Y2), and |7} — 7|2 =
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Op(T~(-29)). Apply (G.2) with @ =a* and v =7} =7 + Giry',
AT = T[Sp(a*,7,) —Sp@",7)] = Kar(9s) + Kip (g5) + op«(1).
Define
@ = VT(@ -a), g=rr(d;-7)
grn = arg  min  Kip(g) +Kir(9), A +ghrr) =h@).
h(F+gry )=h®)
By Lemma |G.2, S7(6%,7;) < mingn(y)=n(5) S7(e,7) + op«(T71), and h(3}) = h(7) we

have

ah(M=h7)
= miln K% (a,g) +op«(1) < Kr (a*,g;) + op=(1).
a,h(F+rr" 9)=h(7)

K7 (@, 9,) = T(S?(&*,WZ)—S?(@,?))<T< min S%‘r(aw)—Sé‘r(@ﬁ)>+0P*(1)

So by K7 (a,9) = Kip (a) + K37 (9) + K37 (9) + op- (1),
or(9n) + Kar (91) + Kir (@g) + op- (1) = K7 (@*, g5,) < K7 (a*, gp,) + op+(1).
On the other hand, by the definition of g;,

K7 (@ 95) = Kor(gn) +Kir (93) + Kir (@3) + op-(1)
< Kor(n) + Kar (95) + Kir (a3) + op-(1)

and note that Q7(g) = K5, (g9) + K&, (9). So

Kor(on) + Kar (9) = Kir(gh) + Kip (g5) + op+(1)
= min  Kir(9) + Kir(9) +op-(1)
h@E+gry)=h(7)

= min _ Qj(g) +op ().
h(F+gry')=h()

These imply

A} = K@) + K @) +op-(1) =  min Qi(g) +ope(1).
h(A+gry )=h(®A)

As for A3, let g* = rp(3* — 7). Apply - ) with o« = a*, and v = 7%, then A5 =
[Sh(a*,7%)=Sp(@*,7)] = Kor (%) + K37 (g*)+op+(1). Now let g* = arg ming K5, (g)+K3,(9).
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Then by Lemma , SH(@*,7%) < ming 5 Sh(a, ) + op+(T71). Hence,

17(@) + Kor(9%) + Kar(g") + op- (1)
= KT(A*,ﬁ*)

— T8 @,7) -5 @) < T (winSi(a,7) - 57(@.3) ) + or-(1)
= K 0) 4o (1) S K@)+ op-()

ir(@) + K2T(~*) +K3r(9%) +op+ (1)
< Kip(@) + Kor(@) + Kir(97) + op+ (1)

This implies K5,.(9*) + K5,(9%) < K5,(9%) + K5,(9%) < K5,(9%) + K5,(g) + op=(1). So

A5 = K3p(3) + K5p(G) + opr (1) = Kip(@) + Kir() + op- (1)
= min@i(9) +op-(1).

Together, we have

TSy(@",7*)LR;, = Aj— A= _ min_ Q7 (gn) — min Q7 (g) + op+(1)
gn:h(F+gnry )=h(7 g
= min Qr(gn) = min Q7 () + op+(1)

ro{h(F+gnry")—h(3)}=0
=  min Q}(gn) — minQr(g) + op+(1).
g;th:O g
Here VF is constant since h is linear.

Next, recall

Kir () =T & 3 (8) [1e (54 9-r7") ~ 1(5)]
=T. %Z (1'250)2 ‘115 (ﬁ_'_g . T-El) _ h(;y\)‘ +0P(1)
:MT(:}/\7Q)+0P(1)

where
Mr(v,9) =T -E (2460)° |1 (y + g - 771) — 1e(7)| -

For any yp — 0, and fixed g, we have Mp(yr,g) — Q(o0,g). It then follows from the
extended continuous mapping theorem that Mz (7,g) —F Q(oo,g) for each g. So K, =
Q(o0, g) + op(1) pointwise for each g.

Next, for K5, (g) := —2 Zt 1 ntatxté (L(F+g-77") —L(®)), Lemmashows that in
the known factor case, K5, (9) =* 2W(g).

So Q7(.) = Kip() + K5 () =* Q(o0,.). Here =* denotes the weak convergence with
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respect to the bootstrap distribution. It follows that

TSp(@*, 7" )LR;, = min Qfp(gn) —minQ7(g) +op«(1)
g, Vh=0 g
d* . .
— 9 - ) N
g;%}br;()@(oo gn) — min Q(co, 9)

In addition,
ok .~ ~ 1 ~
Sr(@”,7") = Sp(@7) +op-(1) = 7 > (1) + op-(1)

t
*1 = 1 e
= E T zt:(mst)Q +op«(1) = TZ:E? +op+(1) = Ug +op=(1).

Thus T+ LR —%" o2 ming -0 Q(c0, gn) — o-2 ming Q(o0, g).
]

G.1.3 Technical Lemmas

Lemma G.1. Under Hy,

(i) [Ah — 0l = Op(T~1729)),

(i1) T[St(an,v0) — Sr(@,v0)] = op(1)
Proof. (i) The proof is ver similar to that of the rate for 7, so we only briefly sketch the main
steps. First of all, h(y9) = 0 and h(5,) = 0. By definition, we have

0 > Sr(an, ) — St (0,70)
= Ryg (@n, ) — Gr (an,3n) + Gr (a0, 70) ,

Similarly as before, we can find some ¢, ¢ > 0 such that for sufficiently small | — aypl,

R(e,y) = E(Z () (a@—a0))* +E (0 (1 (%) — Lt (0)))
+2E (460 (1¢ (7) — 14 (7)) Z: (7)' (@ — @)

> cla—aol3 + T2 |y — ol — ¢ o — agly |y — 0l T7%,

where the first inequality is from the bounds and the second from the condition that | — g,
is small. (this is guaranteed since @y, is consistent under Hy) Furthermore, we still have, for
0<n<ec,

1 _ 1
Gr (2, 7) = Gr (a0, 70)] < Op (T) lao — aply + 0T 722 |y — y0ly + Op (T)
_ 1
Rr (a,7) = R(@7)| < nla—ao2+nT2 |y = 0l + Op (T>
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where the inequality is uniform in « and v in the sense that the sequences Op (-) and op (+)

do not depend on « and . Since

R (an,3n) < |Gr (an, ) — Gr (0,70)| + R (@n, W) — R (Qn, )|

we conclude that

N 2 o~ 1 N 1
(c—n) (\ah—aob—l—T 2¢‘7h—70|2> < Op (\/T lan — agly + Op 7 )

implying
~ 1

(i) First we show that |& —&ls = op(T~/2) under Hy. Let Z, = Z(3). Straightforward

calculations yield

~ ~ ~

W) (Zh — (2 = Zn)ow + (2 Z1) Y212 — Zn)ao + (24 23) " (Zn — Z) e
Z) V= (Z'2)NZ(Z - Z)ag+ Ze+ (Z — Z)€]

an-a = (Z,

' Z
i,

which is op(T~/2) since |3 — 0|2 = o(T~(5=%)) under Hy. Then

T[St (an,v0) — Sr(@,70)]

= (@A) 7 Y A0 Z0) (@~ 8)+ T@ =)' 3 Zilw)e

+T;<a0 ~ &) z Z1(10) Zi(70) (@ — @)

= Op(T)|a — a3+ Op(VT)|as — als = op(1).

Lemma G.2. In the known factor case, the k-step bootstrap estimators (o*,7*,7;) satisfy:

Sp@.7) < minSp(a,y) + op-(T7),

Sr(@*,q;) < min Sy (a,y) +op-(T7"),  h(F;) = h(7)
a,h(y)=h(H)

|a* —dly = Op«(T7?)
A —Al2 Op(T~172¢))
A" =l = Op(T~1729).

Proof. Define
(ag,7,) = argminSy(a,7).

136



* * — S*
(ag,h7’79,h) argahm W) 7(0,7)
a’(y) = argminSp(a,n).
(o) = argmlnST( v),
¥
(a) = arg min _ Sj(a,7).

v:h(v)=h(®)

Our proof is divided into the following steps.
step 0: \’y;’h —Aly = Op« (T~ (1-29)), 1vs —Al2 = Op~ (T~(1=2#)) and |y — a2 = Op~ (T~1/2).
step 1 1F [y —~Al> = Op- (T~029)), then [o*(7) — al, = Op(171/2).
step 2: in addition, |a*(y) — ajl2 = op~ (T~1/2), and |a*(y) — oy pl2 = op+ (T~1/2).
step 3: if [a — ag|a = op- (T-Y?), and |a — ) pl2 = op (T—'/2), then
S;“(a77*(a)) < minaﬂ S;’(O@Fy) + op+ (Tﬁl)a and S;"<aa7}t(a)) < mina,h(’y):h(?) S;"(a77) +
op+ (T_l).
step 4: in addition, [v*(a) — ]2 = Op«(T~1729)) and |y} (a) — Al2 = Op«(T~(1729)).

Once the above steps are successfully achieved, then the proof is completed by the follow-
ing argument. Recall that %9 = ﬁ;’o =7. Also, for I > 1, a®! = o*(F5!71), A%l = y*(@*),
P~ * [ S5k Sk Sk Sk Sx Sk ok
W' =am@eh), and @ = @k, 7 =3°F, and 7 = 3,

For k =1, 3*Y = 7?;;’0 = 7. Hence by step 1, |a*! — @l = Op«(T~/?). Conditions of

*,0)

step 3 are satisfied due to step 2, hence for a = o*(7*") in step 3,

Sp(@, 3" < minSp(a,y) + op-(T7)
QY

and

~% ~%,1 . * _
Sr(@*! A ) < mh(f%l:nhm St(a, ) + op=(T7H).

By step 4, [7*! —Alz = Op«(T~1720)) and ﬁ;l — Ay = Op«(T~(1=2%)). Thus Assumption
is verified for k = 1.

For k = 2, |75 — Aly = Op«(T~(1=2%)) ensures that we can apply step 1 with y = 7%,
Thus the same argument yields Assumption is verified for £k = 2. We can employ the
mathematical induction to conclude that Assumption is verified for all k > 1.

Proof of Step 0.

In the bootstrap world, 7 is the true value while 77 is the least squares estimator. Also,

by the definition of (o ;.75 ;), we have

St(gn Vo) <ST(@,7),  Stlagvy) < S7(a,7).

Hence the proof of this step is simply the bootstrap version of the proof of the rates of
convergence in the original sampling space. We thus omit its proof to avoid repetitions.
Proof of Step 1.
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For a generic 7, let A(y) := 7 Zt V2 (V) Ze ()

T
N - _ 1
af(y)—a = Ay) 1<TZZt( Eie + — ZZt )—1t(7)))-
t=1
So conditional on the event [§ — 40|z < CT~(1=2¢) and uniformly in |y — 7| < CT-(1-2¢),
L I
o (y) - A(?)‘lf > % (3)Em
t=1
1 I T
< (AT =A@ N5 D Ze@) E| + 1AM T sup Z [Z (v Y)JEmn
T = —(1-2
t=1 y=Ale<CT-0=20) | £ 4
T
_ _ 1
+HA(y) T op(T™9)] sup T >l (7) = Le(vo)| — Elaef3|1e (v) = Le(v0)
y—y0l2<CT=(=20) [ £ 4
+A(y) T op(T™¥) sup Ela[3]1e (v) — Le(70))]

[y=0l2<CT~(1=2¢)
~1/2
= op-(T7V?).

Thus we have proved, uniformly over |y — 75| < CT~(1=2#)

a*(v) -

*ﬂ \

T
Z )&+ op- (T71/2). (G:3)

Proof of Step 2.
Note that oy = a*(yy) and o, , = (v} ;). Respectively letting v = ~; ;, and v =75 in

(G.3) yields (by step 2)
- 1\ 1 -~ _
a*(y)—a = A®) 1)TZt:Zt (3) Eme + op- (T71/?)
o~ 1y L o~ _
o —a = A®) 1)T Zt: Zy (3) Eme + op+ (TY/?)

* ~ 1y 1 o~ _
agp—a = A®R) I)T;Zt(7)€t77t+0P*(T 1/2),

Thus o*(y) — aj = op- (T=Y/2) and o*(y) — o = ops (T-1/2),
Proof of Step 3.
By the definition of v*(a) and 7 («),

St(e, 7" (@)
St(e, h(@))

ST(e,v,) = Sp(ag,vy) + St(a,vy) — Stlag,7y)

<
< Sp(evgn) = Sy s vgn) + ST v0) = S7(g 15 Vg 0)-

By definition, ming, ;(y)=n) Sp(a,v) = Si}(a;h,'y;’h) and ming  ST(a,v) = St(ag,v;)-
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Hence it suffices to show if [a — aj|s = op- (T~1/2), and |a — oy pl2 = op- (T—1/2),

St(a,7y) = S(ag. ) < op«(T71)
St vg.0) = ST(ag s 7)< 0p=(T7H).

By [aj —al2 = Op~ (T—'/2) and the triangular inequality, |or — @la = Op+(T~'/2). Uniformly

in 7 so that |y — 7]y < CT~01-2¢),
St(a,7) = St(ag, ) = (a; —a)’ ZZt neEr + (o — @)’ ZZt - Zi(y)a
. 1
+(ag—a)’TZZt(7 Zi(y) (@ = a) + (o — a) ZZt v) (@ — o)
= op(T7") +op (T7H?) ZZt YymEr + op-(T7H?) = ZZt — Zy(y)'a

~ _ 1 _
= op-(T™") +op-(T"'?) Z Z1(V)mer + op+ (T 1/2)T Z[Zt(”Y) — Ze(V)|mee
t

top(TY2) 2 Z Zi(M[{fi7 > 0} — 1{f/y > 0}]z,0

_ _ 1 o~
< op(T™) +op-(T7'/?) sup = 1Z(7) = Zu@) il
scor--20) T
ly=Al<CT—(1=2¢) t
/2 1
+op-(T~1/27%) sup 7 2 wel311(v0) = 1] = Elzef3[1(70) = 1(7)
[y =0l<CT~(1=2¢) t
+op- (T71/27%) sup Ela/3]1(70) — 1(7)]
[v—0|<CT—(1=2¢)
< ops(T7Y) + ops (T7VHT=(=9) 4 opu (T7V279)7=(1720) — op.(T7Y). (G.4)

Applying the above to v = 75, which satisfies |y — 7|2 < CT~(1=2¢) with bootstrap

probability measure arbitrarily close to one by step 1 due to step 0, we have
St(a,vy) = Sp(ag, ;) = op=(T ).

In addition, li also applies when oy is replaced with oy ;. That is,
St(a,v) =S (e ,7) = op= (T—1) uniformly in |y =7y < CT~(=2%), By step 0, n =72 =
Op-(T~(1729)), Hence let v = Yom.h» We have

S’?(OQ’.Y;LFL) ST( gh77m h) = Op= (Tﬁl)'

Proof of Step 4. Note that |a —a| = Op-(T~/?). The proof is then simply the bootstrap
version of step 3 of the iterative estimator in the known factor case. Thus we just sketch the

proof for |vi(a) —Fle = Op«(T~(1=29)) for brevity.
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For generic v,
1 & 2 &
St (@,7) =St (@.7) = &5 Zwtffé 1t (v) = L0 — % ;m@w% (Lt () = 1(9)) 6

(a—a) Zzt )z} (1 (7) — (7)) 6.

Apply Lemma with g replaced by a generic o, uniformly for v, 2, and an arbitrarily
small n > 0,

T
1 1 _
O p () = 1wl = Oy (s ) #1072y = vl
t=1
+T %K (d(ﬂt)Z 11¢ () — 1e(2)]

1 _
Op <T> + T W _’YZ|2

Y

2 . 1 _
7oA 0) ~1a)d < Or () +aT 7 =

Oé—Oé

’ﬂ\l\?
HMH

V(1 (7) — L) s = (Op (;) + T2 |y = el + T |y — 72\2)
x O px (T_1/2> )
Combining these bounds and setting v = v;(a), and 2 = 7,
0> S (e, 74()) = SF (,7) = Op+ (T71) + T |y5(a) =71
This implies |7} (a) — 7] < Op«(T~(172%)). The same argument yields [y*(a) — 7| < Op(T~(172¢)). 1

G.2 Proof of Theorem [6.1: estimated factor case

Let

INT =V T’NTTH'Z@.

G.2.1 Proof of the distribution of LR

Proof. Define 7, = arg min, j,(,)—o St(a,7), @(7y) = arg min, Sr(«,7), and &y = @(1). Then

INT IgngT(a,v)LR = In7[Sr(an,3n) — Sr(a,7)]
= A1+ Ay — A3 where,
Ay = In7[Sr(an,3h) — St(an,v0)]
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Ay = In7[Sr(@n,v0) — Sr(a@,v0)]
Az = In7T[Sr(@,7) — Sr(@,v0)].

We first analyze Sy (a, ) — Sp(a, o).
We have Sr(a,7) — Sr(a,70) = C3(a,y) — Ci(e,y) + 35_, Ra(a, ) where Ci(a, ),
Cs(a, ), Ra(a, ), R3(a,y) are as defined in Section and

- 1 ~ - -
Ry(a,7) = 5 > 2Z4(0) (a — o) (6 — S0) (1{ fi > 0} — 1{ f{r0 > 0})
t
5 1 / 211 F i
Ry(ony) = 7> (@i(0 = 00)*|1{f{y > 0} = 1{f0 > O}
t
53 1 / / Iy Iy
Re(a,y) = T th@ — do)xy6|1{ fiv > 0} — 1{fi70 > O}].
t
Uniformly for |a—ap| = Op(T~1/2) and |y —1o|2 = Op(ryy), we have InT|Ra(o,7)] = op(1)

for d = 3 ~ 6. In addition, Ry(a,v) 4+ Cs(a,7) = G1(Hry) + op(Iy) for Gi(¢) as defined
in (E.11), by Lemmas So

INT[ST(0,7) — S0, 70)] = Inv[G1(Hry) — Ciag, 7)) + op(1).

Next, Sr(an,7n) < Sr(ap,v) under h(yo) = h(J,) = 0. Thus the same proof as the
rate of convergence for (@,7) also carries over to prove that [J, — qola = Op(ryy) and

|an — aplz = Op(T7Y2). Now let a =g +a-T7V2 vy =+ g ryp
Kr(a,9) = InT <ST (Ozo +a- TV 49 T’X;IT> —Sr (040,’70))
3 2 4
= Inr Y Ra(e,7) —Int Y _ Ca(e,y) +Inr Y Cala,)
— LrlGa (Hry) — oo )] + InrlBa(osn0) — Cale )] +0p (1)
= Kur(g) + Kir(a) +op(1),

where Ki7(a) := Iy7[R1 (e, 70) — Ca(a, 7)], which does not depend on ~, and

Kur(g) == InT[C1(Hr(y0 + g - Thip)) — Ci(ag, 0 +9- )l

Define
(an,gn) = arg min_ Kr(a,gr), (a,9)=argminKr (a,g)
avh('VO"‘ghT;jT):O a9
gn = Ty (=), g=ryr (A=)
gn = arg  min  Kyr(g), g = argmin Ky7(g).
h(vo+gnry)=0 9
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Then the same proof as in Section [G.1.1| shows that

Kyr(9n) = Kar(gn) + op(1), Kur(g) = Kyr(g) + op(1).

Thus

A1 = Inr[Gi(HrAn) — Ci(ao,An)] + op(1)

= Kur(gn) +op(l)=arg  min  Kap(gn) +op(1)
h(yo+gnry )=0

= arg min K4T(gh)+0p(1)
gth

Ay = Ing[Gi(Hr7) — Ci(a0,7)] + 0p(1)
= arg mgin Kar(g) + op(1).

Also Az = op(1) following a similar proof as in Lemma Sections show that
Kar(:) = Q(w,-), where IntG1(Hr(v0+9g- r;,lT)) is the bias part and lNT(al(ao, Yo+9g- T'R,IT)

is the empirical process part. Hence by the continuous mapping theorem,

INT- LR =% 6% min Q(w,gp) — o= 2 minQ(w, g).
g

gth 0

G.2.2 Proof of the distribution of LR}

Proof. Step 1. Expansion of Ix7(Sh(a,v) —Sh(a,7)).
We have InrSh(a*,7*)LR* = In7[Sh(@*,7;) — Sh(a*,7%)] = A} — A5, where

A = IalSHE AN - SH@ ), A3 = InglSH@E",F) - 556", 7))
Define
~ 1 T , N2
Rita) = =3 (% () (0~ @)
t=1
T
Ry = 30 (o) LSy > 0} — 1f77 > 0},
t=1
T
Ryt = =3 a5 ({5 >0} —1{5a>0}) 7 () (0~ @),
t=1
Rif0) = 53 223 (@~ @)ris —)({f 1 > 0} 1{f7'5 > 0))
i) = 2 Y6 —a) {5y > 0}~ 1{f3 > 0}
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~ 2 / 5N
R(a,y) = 7 > @} (6 = do)apd|1{ £y > 0} — 1{f;'7 > 0}
t

T
Eilan) = &> méuid (1f77 >0}~ 175> 0}),
t=1

T
Ei(a) = 23 naZ () (a—a),
) t;l
Ci(ay) = 2> admd (LA7 >0} = 1HF7 > 0}) (HA'y > 0} = 1{f75 > 0})
t=1
T
Cila) = 238 (HFT>0) - 1HFA > 0)) 2 (3) (o - 4),
t=1
T
B = 2 nEaid (1> 0) ~1F7>0),
t=1
T
Ry(rA) = 23 (aido)* 1Fy > 0}~ 1{7'5 > 01,
t=1
T
B A) = = (UFT>0) - 177 > 0)) (HFE > 00 - 1F7 > 0),
t=1
ff = h+NTz

Uniformly in |o — @lp = Op(T~/?) and |y — 7]y = Op(?“;,lT) we have lNTIEZ(a,’y)] =
op-(1) for d = 3 ~ 6, In7|Cj (v,7) — Cj (@, 7) | + In7|R3 (1,7) — B3 (7)| = op-(1), and
l NT|C1( ) — (C’f (a,7) | = op«(1). These convergences are straightforward to verify as in the
original sampling space. We verify lNT|@’{ (v) — (NZ’{ (a,y) | = op«(1) at the end of the proof
(step 5) for illustration.
Next, write
s = G+ NTV2H 19128

where W} is standard normal. Also write

Gux(da, 1) = 2E(x(60)” ({Fhusd1 > 0} — 1{gi¢1 > 0}) (1{g; g o2 > 0} — {F gy xd1 > 0})
+E (2300)” [1{gh g 562 > 0} — 1{gh 61 > 0}].

where E is with respect to the joint distribution of the sampling distribution and W;. Then

ft = H1d, g, 50 and Gy o(Hry, Hr7) = E(C5 (n1,72) + B3 (11,72)). Then for ¢ = Hry
and ¢ = Hr?,

6
INT(Sp (0, ) = Sp(e,7)) = Ine(Ci(e,7) — Cila, ) + Y Rila,y) + R3(7))
d=3
= Ine(C5 (1,9) + RS (1,7)) — IntCi (7) + op= (1)
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= InrGy, 5(9, ) — IntC} (7) + op+ (1), (G.5)

Step 2. Probability limit of ZNTGHT s(9, &5)

Fix ¢1 in a neighborhood of ¢y3. We first obtain a similar expansion as in (E.18]).

1(02,01) 1{gipsd2 <0< g gndi}1{gi¢1 >0}
Asi(d2,01) = 1{Ggsd1 <0< gigsde}l{gi¢1 <0}
As(p2,01) = {G st <0< gipgsdr}l{gi¢1 <0}
Al(do,01) = {gpgsdr <0< gigsde}1{gi¢1>0}.

Therefore, G x(¢2, 1) = E (2400)” (A%, (b2, ¢1) + Ay (62, 61) — A% (62, 61) — A%y (02, 1)) -
Let us calculate A7, first. For notational simplicity, write

higs = WiSYVPHTY ung = gion.
Then

E (35;:50)2 1w = E (95;50>2 1 {—h;/Hz(ﬁl < VNuni < VNG, (¢2 — ¢1) — th,zd)l} 1 {h;IH,E¢1 < 0}
+E (200)% 1 {0 < VNunt < VNG, (b2 — b1) — h;“:H,Eqﬁl} 1 {h;‘:Hjxqﬁl > 0} ¥ An,

where the same proof as of Lemma implies A1 < %, given the assumption that

Py gin: (+) is bounded. Let py % (") == p denote the conditional density of

uNt‘ht H, E¢1:f2t717t< )

un¢. Change variable @ = v/ Nu, we have,
E (,60)° A1 — Ay

1 o . N o a
= \/7N (10) / { hipsé1 <a<—VNg, (d2— ¢1) — ht,H,z¢1} 1 {ht,H,z¢1 < O}Pum\*(ﬁ)da

1 , o o
+ ﬁ (30) / 0<a<—VNG(¢2—¢1) — ht,H,zfﬁl} 1 {ht,H,2¢1 > 0}pum\*(%)da
=~ (460)” Du, 4 (0)3 (2 = 61) 1{5; (62— 61) <0 {htmm < o}
/ v/ ¢ qb «!
—E (2}60)” Py, (0) (gt (60— ) + 2 1) { %;1 < 0} {1 > 0}
+ Bi, (G.6)

where the same proof as of Lemma implies, due to p, % () is Lipschitz,

Cl
|B;| < ~ 71 2o,
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So the same proof as of Lemma [E.6| carries over to Aj,...A},, showing that a similar expansion
as in (E.18)) holds: for Z(a,b) is as defined in (E.27)), for g;(¢2 — ¢1) = a, h\://]%l = b, and
¢2 - ¢1 + ng]?[%“?

INTGH 5 (h2, 81) = E[(2700)* Py, % (0)E(a, b)] + o(lyr)

N A L
|:9t (2 — P1) + N N

When w € (0,00], INTGrx(¢2, 1) = CN,H,E,@ (Hg) + o(1), where

= lNTE|uNt:0($25O)2pum(0)

} To(l).  (G.T)

Cniso(8) = MuEjy,—0(2}d0)*Puy, (0) (|gia + ¢ Ry d1| — ¢ Ry 1))
Cusg (8) = MuE g4 —0(ido)’pgs, (0) (lgig + A d1| — ¢S Thi'd1]) . (G.8)

Note that Cy, 5,6, (8) = MuE(2)d0)Pujar,g, (0) (|10 + (G hY b1 | = (5 hi'
assumption supy, n, o, 61 [P |ze, st (0) = Pgig|er, 2. (0)| = 0(1), uniformly in ¢,

), so by the

INTGEx (P2, 01) = ((U:H,z,m (Hg) +o(1).

Let ¢ = $+ HTgr;[lT. Note that & —F H'SH. By the assumption that (éHg,(;sl (g) is
continuous in (H, X, ¢1,g),

INTGy, 5(6,0) = Cpy. 5 5(Hrg) + 0p(1) = Crp s gy (Hg) + 0p(1)
= MuEp—o(@ido)pu,(0) (JgrHg + W (H'SH)2H g0 = | W; ('S H) 2 H 6y )
= MuEjy,—o(24do)?pu, (0) (|9:Hg + ¢ Ze| — |51 24])
= Aw,9),

Ut

where we note that W} (H'SH)'/2H ¢y ~ N(0,07), with 07 = ¢ X¢o = limvar(hj¢g) =
U/%,cct,gt in the homoskedastic case. So W' (H'SH)Y/2H ¢y =4 2.

When w € (0, 00|, we now work with , where we treat terms ao, as in the definition
of Z(a,b) as we did for . Here

az = =i (62— 61) Hgi (62— ¢1) < O {5 <0}

as = g, (62— 1) 1{d (¢2 — 1) > 0} L{h{ yyxé1 > 0}

dy = =i (62— 61) Ui (62— &1) < 0N { gz > 0}

af = gy (¢2— 1) 1{ (62— 1) > 0} 1{h{yxér < O}, (G-9)

We note that hf/HEgbl is symmetric around zero, due to the Gaussianity of h;. Hence

P(h} gxé1 < Olae, Gi) = P(hi g sé1 > Olay, Gt) = 1/2.
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S0 E(2}00)*Puyrix (0)aa = E(x}60)*puyy % (0)ay for d = 2,5, and we reach an expansion

similar to 1’ for ¢o = 1 + ng;#f,

INTGrx(¢2, 1) = op(1) , ,
15 \2 o hf,H,E¢1 o hZ,H,Ele «
—2NTE(2100) Puy, % (0) | Gt (¢2 — d1) + —=— | 1{ G ($2 — ¢1) + —=— < 0,1 {ht,H,z¢1 > 0}

VN VN
hy hy ,
+2NTE(180) P, (0) (éi (62 = ¢1) + t%’”) 1 {52 (62 = ¢1) + tHfffl > 0} 1{hinsor <0}

= Cnuse2(Hg) +o(1)

where we used a similar change-variable as in Step II.1 in Section

Cw.#,5.6:.2(0)
= —MN72puy, (0)E[(x,do)? Fi (G, 21, 8) |[unt = 0] + Mn12puy, (0)E[(x}do)? Fo(dt, 21, 8)|unt = 0]

Fy(ghan)i= [ (dla+) {gla+ v < 0} 1y > 0} pagrs Cvru)dy
Fy(gi, x4, 9) == / (Gro+y) 1{gig +y > 0} 1{y <0} ppyy, (CnTy)dy.

Note (7 — O, MNT — 1, ]ph:/m(CNTy) —ph;/%(())] < C¢n1y (Gaussian densities with
bounded variance), so

Ejuy,=o(ido)? / | (gi9+v) 1{ge +y <0} 1{y > 0} [ppyg, (CNTY) — Prrvg, (0)|dy

CCnrE uy o (@hdo)? / (o +y) [1{dg+y<0}1{y>0}ydy
< CCNTE yy,—o(%do)?(919)*1{g1g < 0} = o(1).

IN

In addition, by the assumption that [py, /e, |er, f2r (05 0) = Pgrgy hr gy fze, 20 (05 0)| = 0(1),

Chazme20) = (Eido)’(gi0)’lune = 0,hi'¢1 = 0)pyy, pee, (0,0) + o(1)
= Cuxe2(9)+0(1)
Chzp2(8) = (E(zido)*(g:9)*lgi61 = 0, hi'd1 = 0)pgrs, pery (0,0) + o(1).

Let ¢ = (;A5+ HTng,lT. By the assumption that @vam,g(g) is continuous in (H, 3, ¢1,9),

TGy, 5(9, ¢) = @HT,E,E;,Q(HTQ) +0p(1) = Cy.prsn gy 2(Hg) + op(1)
(E(xido)* (9, Hg)* |90 = 0, W) (H'SH)PH™ b0 = 0)p s et sy /211145 (05 0) + 0P (1)
= (E(z}do)*(g,Hg)*lut = 0, Z; = 0)py, z,(0,0) + op(1)
= A(0,9) +op(1).
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Together
INTGyy 5(0+ Hygry ¢) = A(w, g) + op(1).

Step 3. Empirical process part.
Lemma shows that in the estimated factor case, NT((AT{ 7+ r]f,%pg) =*2W(g), where

Ji =i+ NT22r and € (4) = 3 S, mia (1{ft 7> 0} = 1{f;7>0}).
Step 4. Finish the proof.

Together, we have shown that
INr(S3(@ +aT™Y25 4+ 13bg) — SH@ +aT™2,3)) = Kiplg) +op-(1), (G.10)
and Kj,(.) =* Q(w,.), where
Kir(9) = Inr(Gp, s (Hr(3 + ryig), Hrd) — C (8,7 + ryg))-

In addition, let Ki(a) := Iyp[Ri(@+a-T~Y2,3) — C5(@ +a - T/2)] and

Ki(a,9) = Wvr (St (@+a T2 5+ g-135) - S5 @7))
3 2 4
= Inr Y Rila,y) —Ine > Ciley) +inr Y Cila,”)

L d=l d=1 d=3
= Kir(g) + Ki(a) +op(1).

By Lemma |a* — @l = Op«(T~Y/?), and [§; —Jl2 = Op(ryy). Define
a = \/T(&* — @), gy=rnr(V —7)
gn = arg  min  Kjr(g).
h('Y+gTNT):h('7)
Then because h(3 + giryy) = h(7),

Kir(gn) +Ki(@*) +op(1) = K7 (@, 9;) < K7 (@, g5) +op-(1) = Kir(g;) + Ki(@*) +op-(1).

where the inequality is due to Lemma that ST.(a*,7;) < ming p(y)=n@F) ST, 7) +
op+ (7). This implies Ki,(75) = Kir(g5) + op«(1). Therefore, by (G.10)),

Al = Inr[Sp(@,3y) — S7(@",73)] = Kir(gr) + op- (1),
= min Kir(g) + op+(1) = min Kjr(g) + op«(1)
h(3+gryr)=h(7) 9, Vh=0
d*
_>
Ly G

Similarly, by Lemma 7* —Ala = Op(ryy) and SH(a*,7%) < ming , Sk (e, ) +op« (Iny),
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we have A5 —¢ min, Q(w, g). Hence

INTST(@,7)LR* =% min Q(w,gn) — minQ(w, g).
g, Vh=0 g

ko Sk 2

This finishes the proof since Si(a*,7*) —F o2
Step 5. verify In7|Ci(y) — Ci (o, ) | = op=(1).
Note that we can bound [&| < |&| + Clx¢|e with high probability. Thus for w; :=

2l meet||ze|2 + 2|m]|2¢]3, uniformly for |y — o2 < Cryt and |o — agle < CT /2,
1 o N 1 o 5 - -
b= > mEdL{f > 0} = [y > 0} < Y ImEaid| {0 < |f; 2] < Clfi = filz}
t=1 t=1

T
1 . B = 2
< 5D B0 <inf|f7 < CA +P(Ife = fila > Ap)'?
t=1

< ollyy) + Op(T~9)P(0 < inf| f{'y| < CAf) = op(iyy)

given that inf, ]ﬁ*/’y\ has a density bounded and continuous at zero. Next, write

T
2 N i N~
ar = E THELT} (1{ft v >0} —H{ffv> 0}> -
t=1

Then E*ap = 0, where E* is the conditional expectation with respect to the distribution of
(ne, Wy), and note that n, W, are independent. Now we apply Lemma to the bootstrap
distribution, to reach ar = Op+(T~%) [|y — A2 + ﬁ] .

Thus [C5(7) — Cf (0,7) | < b+ lar|ald — ]2 = op-(Iyy)- B

Sk TSk

Lemma G.3. In the estimated factor case, the k-step bootstrap estimators (a*,7*,7;) satisfy:

Sp(@*,7%) < Igi,glgikr(aﬁ)JrOP*(l&lT)-
SH@, ) < min _ Sp(ey) +op-(Iyp),  h(;) = h(F)
a,h(v)=h(7)
@* —aly = Op(T7Y?)
Ah—Al2 = Op(ryp), 7* —Al2 = Op(ryh)-
Proof. Define
* * — : S* * * — : S* ) )
(ag:7y) argmin Sp(a, ), (g psVg.n) arg  min ()
a*(y) = argminSi(a,7),
() = argminSh(a, ), (o) = ar min  SH(a, 7).
v'(@) = arguinSya), () —arg | min _Si(a.7)
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Our proof is divided into the following steps.
step 0: |75, —Ala = Op=(ryp), 175 —Al2 = Op+(ryy) and |aj — ala = Op=(T~1/2).
Step 0 is regarding the statistical convergence of the global minimiums in the bootstrap
sample. So the proof is the same as that for |y — |2 and |a@ — agle.
step 1: if |y — Al2 = Op«(ryh), then [a*(y) — @lz = Op«(T~1/2). In addition, |a*(y) —
agl2 = op« (T~ 1/2) and |o*(7) — o plo = op- (T 172,
Step 1 follows from the same argument as that of Claim 4 of Section
step 2: if [a — ag|a = op- (T~Y/?), and |a — oy pl2 = op= (T—1/2), then
St (e, v* () < ming, Sh(e,y) + op<(Iyy), and Sh(a,v;(a)) < Ming, j,(y)=hF) S7(a, ) +
op+(Iyr).
Note that S7.(a, v* () < ming 4 ST(c, ) + S% (v, 75) — ST(ag, ;). So we need to bound
St(a,vy) — St(ag,vg)- From ,
St(a,vg) = S1(ag, )
= (St(a,7g) =S7(a,7)) = (Stlag,y) — S1(ay, 7)) + (S7(a,7) — S1(ay, 7))
= Sip(a,7) — Sp(ag,7) + op- (Iyy).

Now given that [ — ag|s = op- (T~1/?),

* ~ 1 T A 2 ~ * /2 a 7S\ 7k (S *
i) = S7(ag.9) = 5 ) (25 () (e —ag))” + (@ — ag) = > Zi(3) Z{ (7)o — a)
t:l t=1
T
+= ZmetZt (af — ) %Z 5*(1{fﬁ>0}—1{ >0})Zt( ) (a—a)
=1
= OP*(ZNT),

The same result applies when aj

step 3: in addition, |v*(a) —Jl2 = Op+(ryy) and |v; (@) — Fl2 = Op+ (ryi).
Note that this is simply the bootstrap version of Claim 5 in Section [F] So the same proof

is replaced with oz; h-

carries over here.

Lemma G.4. (i) In the known factor case, K5, (9) =* 2W(g), where

a7 (9) Z—QZW&% (L(F+g-r7") —1@).
=1

(z’z’) In the estimated factor case, \/rnypT1H2C} (A +ryrpg) =* 2W(g), where Ci(v) =
23T s (UF Y > 08— LUFET > 0)), Fi = fo+ NV227, and 27 is iid N (0,5)
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Proof. (i) We first show the stochastic equicontinuity of K3, (¢g), for which it is sufficient
to show that of Zthl merxdo (1t ('yT +g- T:Fl) — 1t(’yT)) for any v — 7o since §—6 =
Op(T_l/ 2), 7 is consistent, and & = &; +remainder;, where the remainder terms are treated
as before. However, we can apply the maximal inequality in Lemma here since 7; is a
centered iid sequence independent of the other variables. Next, to derive the finite dimensional
convergence we can apply the conditional CLT e.g. Hall and Heyde (1980) for the MDS. The
conditions are checked similarly as in Section

(ii) The argument for the stochastic equicontinuity is similar to the case (i). Also, the
derivation in Section and the proof of Lemma [E.9] in particular reveals that the finite
dimensional limits are not affected by the change of fA} by ﬁ* = ﬁ + NV 2zr.
|

G.3 Proof of Theorem [6.2]

Proof of Theorem [6.3. We begin with the known factor case. For each ~, our Qr () corre-
sponds to a modified version of the Wald statistic T}, (7) used in Hansen (1996). Specifically,
let @() = arg min, Sy (o, ) and R = (0g4,, 14, ). Then it can be proved that

min St (o, 7) —minSr (a,7) = a()'R[RO_ Z(1)Z()) "R Ra(y).
o ’ t
We then replace the term V, () in Hansen| (1996) with

T

~ 1 ~ o~

Vo) == > a1 {fiy > 0}Sr(@,9). (G.11)
t=1

We now verify regularity conditions imposed by |[Hansen (1996). His Assumption 1 concerns
the mixing and moment conditions that are satisfied by our Assumption [3| (with v =7 =2 in
the notation used in Hansen| (1996))). His Assumption 2 is a sufficient condition to ensure the
tightness of the empirical process T—1/2 2?21 x1{f{y > 0} &, which is guaranteed by our
maximal inequality Lemma [H.I] Finally, his Assumption 3 follows from the ULLN. Then,
the theorem is proved with the replaced Vj, (v) in (G.11).

Turning to the estimated factor case, we need to establish the asymptotic equivalence
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between the known and unknown factors. For this purpose, it suffices to show that

1
sup
¥

N

ixtxg (1 {ﬁf'y > ()} —1{fiy> O}) =op (1), (G.12)
t=1

T

sgp %thac; (1 {ft’fy > 0} —1{flrv> 0}) g2l =op(1), (G.13)
=1

sgp \}thlxt <1 {ﬁ”y>0}—1{f{’y>0}) el =op(1). (G.14)

Recall that f; is defined as f; = H}.(g; + hi/v/N). The last condition (G.14) follows directly

if we show that

LN, (17 e oy
ol e ({0} 1 {fr>0})el =or) @19
and .
su ! T /Z - t, gl =o0 . .
W\ 2 ({7 >0} =1{siv > 0}) e =or (1) (G.16)

By Lemma (G.15) follows. To show (|G.16|), note that in view of the maximal inequality
in Lemma and Theorem 16.1 of Billingsley| (1968)), the empirical process

T
1
ﬁ Zwtl {ﬁ'}/ > O} €t
t=1

is stochastically equicontinuous. This implies (G.16|). The other two conditions (G.12) and
(G.13) can be shown similarly and thus omitted. i

H Technical Lemmas

This section proves technical lemmas, which are repeatedly used to prove main theorems.
Their proofs are given in the subsequent subsection. They are proven under the following
assumption.

Assumption 12. Assume that {zt,qt}tT:l be a sequence of strictly stationary, ergodic, and
p-mazing array with Y, ,0717{2 < oo, E ]zt\g < 00, and, for all v in a neighborhood of o,
E (\zt|4 lg = 'y) < C < oo and gy has a density that is continuous and bounded by some
C < 0.

Similar to the previous notation, we define 1; () = 1 {q;y > 0} while 1; (v,7) = 1{¢}7 < 0 < ¢;7},

which should not cause much confusion. Furthermore, we let the last element of ¢; equal to
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—1.

Lemma H.1. Let Assumption[I9 hold. Then, there exists Ty < oo such that for any 7 in a
neighbourhood of o , K > 0 and for all T > Ty and e > T,
C
> K} < Fe

P sup
[v—7ly<e

An obvious implication of this lemma is that when € = a;l for some sequence ar = O (1)

T
1
TZ 21y (,7) — Ez 1, (7, 7))

the process in the display is Op (a}l/ 2). It also leads to the following uniform bounds for

empirical processes of mixing arrays.

Lemma H.2. Let Assumption[1Q hold. For any n > 0 and some C,c > 0,

1 T
CTMZ”E’-WC{ e 2 (¢ (16(0) =1t (0) Bz (1 () ~ e (’Yo)))‘
—nT ™% |y — 7012] < Op (;) .

Lemma H.3. Let Assumption[1 hold. For any n > 0 and some C,c > 0,

T

\FTl . ; (ze (1e (v) = L (70)) — Eze (1¢ () — 1 (’Yo)))‘ -y - ’Yo|§]

sup
cT= 1+2*”<h Yolo<C

1

We derive an extended continuous mapping theorem (CMT) in Lemma in the sense

that we consider a transformation by a continuous stochastic process. This lemma extends

Theorem 1.11.1 of van der Vaart and Wellner| (1996) to allowing stochastic drifting functions
Gy, (while [van der Vaart and Wellner| (1996)) requires G,, be deterministic).

Lemma H.4. Suppose that as n — oo,
Gp () = G ()

over any compact set in R™, where G (+) is a Gaussian process with continuous sample paths.

Let f, be a sequence of random functions from R¥ onto R™ and assume that

P

fn(2) = F(2),

uniformly, where f is a deterministic function, and that for any n > 0 there exists C < 00
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such that
P{|fn(z) = fn (z')|2 > Cy |z — z"Q forall z,2'} <,

for all n. Then,
Gn (fn(2)) = G(f(2))

over any compact set.

H.1 Proofs of Lemmas

Proof of Lemma[H.1l In this proof, ¢,C and so on denote generic constants. Let the di-
mension of ¢; be denoted by dy = d + 1 and partition v = (¢, c)’ and ¢ = (¢}, —1)’ Also
let

T
1 - .~
Jr(v) = 7 > (a1t (7,7) = Ezli (7,7)).
t=1

First, note that Lemma 3.6 of Peligrad (1982) implies that there is a universal constant C,
depending only on the py,,’s, such that for any v; and e,

T 4
1
—73 > (21 (1, 72) — B2l (71,72))

(H.1)
-1 4 2 2
<O(T7Ela" 1m0+ (Blaf 1) )
Consider 7, = (¢, ¢1) and 75 = (¥/, )", which are identical other than the last elements.

Then,
1 (y1,72) = 1{e2 < v < a1}

and thus there is a universal constant C' such that

Elz* 1:(11,72) = E [E (|Zt\k ‘%) 1 (’71772)}
CEl; (71,72) < C' |er — ¢

A

for k = 2,4, as the densities of ¢,y are bounded uniformly. Thus, for any ¢, ¢y such that
|01 — 02| > Tﬁl,

4
< Clep — o). (H.2)

T
1
SZPE T3 ; (21t (71,72) — Ezels (71,72))

Here, recall that 1 is the common element between ~; and ~vs.
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Next, by Bickel and Wichura| (1971)), their equation (1), that

sup |Jr ()] < d- M" + |Jr ()],
o

where 7 is the elementwise increament of 4 by € and the supremum is taken over a hyper
cube {y:0<~v; —7; <¢,j=1,....d} and an upper bound for M" is given by their Theorem
1. The precise definition of M" is referred to Bickel and Wichura. It is sufficient to show
that each of M"” and |Jr (7)| satisfies the conclusion of the lemma since |a| + [b] > 2¢ implies
that |a| > c or |b] > c.

To apply their Theorem 1, we need to consider the increment of the process Jr around a
blockﬂ B = (71,72] = (m12,722] X -+ X (c1, c2] with each side of length greater than equal to

T, that is, consider

Jr(B) = Z Z DR TR I (g k(721 = 711) 5 e €1+ kg (e2 — 1))
=0,1  kay1=0,1

_ Z YT (Cayihms

k1=0,1  ky=0,1
X (Jr (711 4+ k1 (21 = 711) 5 - €1) = Jr (y11 + k1 (21 —y11) 5 -0 €2)) -

Then, it follows from the ¢,-inequality and (H.2)) that for some C,C’,C" <

E|Jr (B)|*
< C Z cee Z E|Jr (v11 + k1 (21 — 711) 5 oo c1) — I (11 + k1 (921 — 711) ~--362)|4
k1=0,1  kg=0,1
T 4
, 1 ’ .
< C SipE WZ(Ztlt (71,72) = Ezele (v1,72))| 5 for v = (¥, ¢5) .5 = 1,2
t=1
< C// |01 - 02|2 .

Now, without loss of generality we can assume that u (B) > C" |¢1 — c2|?, where p denotes
the Lebesque measure in R?, since we can derive the same bound by choosing the smallest
side length of B as ¢y — ¢1. This implies by the Cauchy-Schwarz inequality that their C (53, )
condition holds with § =4 and v = 2/d, and thus, by their Theorem 1, we conclude

c 2 _ C o
P{M" > K} < (TP < 2,
for some C' < .
Furthermore, the Markov inequality, the moment bound in (H.1)), the boundedness of the

81t is sufficient to consider blocks with side length at least n~' for the same reason as the remarks in the
last paragraph in p. 1665.
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density of ¢,y imply that

P{lJr ()] > K} < o7

for some C' < oo. This completes the proof. I

Proof of Lemma[H.3. Define Ar; ={0: (j — 1)T7172 < |y — v, < jT7172¢} and

R =T sup [ID7 ()] = 77727 |7 — 0ly] »
T=1420 < [y—yo|<C

where Dp (v) = ﬁ ZtT:l (ze (1 (v) = Le (0)) — Ez¢ (14 () — 14 (70))). Then, for any m > 0,

]P){RT > m}
=P {T D7 (7)] > 0y — 70|72 + m? for some v}

<ZIP’{TUDT )| > n(¢ — 1) +m? for some v € Ay}

Z nl—1) +m2)

=

where the last equality is due to Lemma with K = T-1/2+¢ (n(€—1)+m?) and € =
¢T~1+2¢_ The last term is finite for any 1 > 0 and can be made arbitrarily small by choosing

sufficiently large m, which completes the proof. I

Proof of Lemma[l.3. Define Ap; = {v: (j — 1) < 7*3 |y —y0|5 < j} with @ = NT'~2% and

_ 2
R2 = ?/3 sup [“D)T M =nly=l3],
T=1420 < y—|<C

where Dy (y) = W 23:1 (ze (14 () = 1¢ (90)) — Ez¢ (14 () — 14 (70))). Then, for any
€ > 0, we can find m such that

P{Rr >m} =P {ﬁZ/3 D7 (7)| > na?|y — 70|? + m? for some 'y}

< ZP{ 2/3 D7 (v)] > n(f — 1)+m2 for some v € ATg}

e ~2/3 Y]

| /\

<e

Z n(f — 1) +m2)* n?/3
where the first and second inequalities follow from the union bound and Lemma [H.1] with

K =n"1/6 (77(€ —1)+ m2) and e = 4/ %, respectively, and the third by choosing sufficiently
large m. This completes the proof. 1
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Proof of Lemma[H.J) First, we show the stochastic equicontinuity of G, (f, (z)). For any
positive € and 7, there exist § > 0 and N such that for all n > N,

P{ sup !Gn(fn(z))—Gn(fn(z’))\2>77}

|z—2"|4<d

SP{ sup ‘Gn(fn(z))_Gn (fn (2/))‘2>77&ﬂd ‘fn(z)_fn (2/)‘2§C‘Z—Zl}2

|z—2"|4<d

and supl, () < €

+P{|fn(z)fn(z')’2>C’2z"Z}JrIP’{supfn |2>C}
<IP’{ sup |Gn () — G, (l’l)‘2 >77}+;
|z—ax'|4<0/C

<e

)

where the second inequality is due to the set inclusion and the given condition on f, with
boundedness of z and the last one follows from the stochastic equicontinuity of G,,.
Second, for the fidi note that

G (fn(2)) = Gu (f (2)) =50

due to the stochastic equicontinuity of G,, as f, (z) Ly (z). Therefore, for any finite collec-

tion (21,.,2), (G (fa (21)) -G (fa () = (G (f (21)) 1 G (f () + 0p (1) 5
(G(f(21)),-,G(f(2p))) due to the weak convergence of G,. i
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