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Abstract

This paper proposes an improvement on popular solution methods for linear rational ex-
pectations models (for example, Sims 2002) in terms of computational performance: When
a model can be transformed into a reduced form, the QZ decomposition to decouple the
dynamics of the stable and unstable block of the model can be replaced with the Schur de-
composition. The latter runs faster. The new method is applicable to a wide class of models
in the literature. It is especially useful for a large-scale model such as a multisector model
and a heterogeneous agent model that are increasingly popular recently. Compared to the
method that uses the QZ decomposition, the new method that uses the Schur decomposition
reduces computing time by 33.0% for a medium-scale model with 39 equations and 91.3% for
a large-scale model with 1,908 equations.

Keywords: solution methods for linear rational expectational models, QZ decomposition,

Schur decomposition, multisector model, heterogeneous agent model

1 Introduction

Quantitative macroeconomic analysis using estimated dynamic stochastic general equilibrium (DSGE)

models, best exemplified by Smets and Wouters (2007), has become popular in academia and in
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central banks around the world. One of the key steps of such analysis is to solve the equilibrium
equations of a DSGE model that are presented as a system of linear expectational difference equa-
tions or a linear rational expectations model. Starting with Blanchard and Kahn (1980), several
methods to solve linear rational expectations models have been proposed in the literature. The
solution methods that were later developed, such as Uhlig (1999), Klein (2000) and Sims (2002),
use the QZ decomposition (or the generalized Schur decomposition) to decouple the stable and
unstable block of the system. While the QZ decomposition has general applicability, it comes with
computational costs that can grow rapidly as the dimensionality of the model increases or the
model has to be solved many times for a Monte Carlo simulation. It can be prohibitively slow
for large-scale models such as a multisector model with the production network and a model with
heterogeneous agents, both of which are increasingly popular recently in macroeconomic research.

This paper shows that such a curse-of-dimensionality problem can be addressed without a
dramatic change to the existing solution methods. Specifically, we propose to replace the QZ
decomposition with the Schur decomposition based on an observation that most of the DSGE
models in the literature can be transformed into a reduced form. Since the QZ decomposition
operates on two coefficient matrices simultaneously while the Schur decomposition operates on
a single coefficient matrix, the latter runs faster. This may sound obvious. Using the Schur
decomposition, however, incurs an extra computational cost to transform a model into a reduced
form. What is less obvious is then whether there is still a computational gain when one takes into
account the extra cost, and the gain is significant in practice. Another issue is whether the method
is widely applicable and easy to use.

We address these questions and describe how to use the Schur decomposition within the frame-
work of the solution method by Sims (2002), better known by its computer code name gensys.
We check and report the performance improvement of the new method over the method by Sims
(2002) for models of different sizes. The performance gain that obtains by transforming models
into a reduced form and using the Schur decomposition, in terms of computing time reduction,
ranges from 33.0% for a medium-scale model with 39 equations to 91.3% for a large-scale model

with 1,908 equations.



The solution method by Sims (2002) is widely used because of its general and easy applicability.
It does not require specifying jump and predetermined variables but explicitly recognizes that
expectational errors are naturally attached to equations in rational expectations models. As it
uses the QZ decomposition, one can flexibly write a DSGE model and add auxiliary equations
without worrying about recasting the model into a reduced form. We later illustrate an example
where a DSGE model cannot be transformed into a reduced form so the new method with the Schur
decomposition cannot be immediately applied. Such models, however, can be easily modified and
recast into a reduced form. Thus our advice is that one use the method with the QZ decomposition
when he or she does not want to worry about transforming a DSGE model into a reduced form
and does not have to solve the model many times, for example in a development stage, and use the
new method with the Schur decomposition when computation time is a concern of the first order,
for example in an estimation stage. To this end, we provide two Matlab codes on our websites
that implement the original method by Sims (2002) and our method. The first one, gensys2.m,
is a general version that chooses between the QZ decomposition and the Schur decomposition
depending on transformability of a model into a reduced form. The second one, rfsys.m, uses the
Schur decomposition to solve reduced-form models only. The second code is faster than the first
code since some steps of the solution method can be simplified. A user can also choose a faster
way to transform a model into a reduced form for his or her own application.

While our proposition is applicable to a wide range of linear rational expectations models,
we expect that it will be especially useful to the growing literature that employs multisector
models.! Most of the existing studies in this literature rely on simulation exercises with fixed
parameterization. We observe that the curse of dimensionality is an important reason for the
literature to fail to take a full advantage of modern statistical methods, typically showcased in
the Bayesian DSGE estimation (see Fernandez-Villaverde, Rubio-Ramirez, and Schorfheide (2016)
for a recent survey). Though a small number of papers move further and try to estimate their

multisector models, they have to keep the number of sectors manageable and estimate their models

Long and Plosser (1983), Horvath (1998, 2000) and Dupor (1999) are early papers that consider multisector
DSGE models. More recent contributions include Foerster et al. (2011), Acemoglu et al. (2012), Carvalho and
Gabaix (2013), Atalay (2017), Carvalho and Tahbaz-Salehi (2018), Miranda-Pinto and Young (2019), Carvalho, Lee
and Park (2020), and Pasten, Schoenle and Weber (2020).



on moderately disaggregated data (for example, see Bouakez, Cardia and Ruge-Murcia 2009 and
Carvalho, Lee and Park 2020). This paper shows that a seemingly small change to the original
solution method of linear rational expectations models could open the door to the estimation of
multisector models on highly disaggregated data, which in our view is an issue of the first order in
the quantitative analysis using multisector models.

A solution method of a linear rational expectations model is not just useful for a linear or
log-linearized DSGE model. It is also used as an input when solving DSGE models up to sec-
ond or higher (for example, see Schmitt-Grohe and Uribe 2004 and Kim, Kim, Schaumburg and
Sims 2008). Our method with the Schur decomposition thus can be used when working with a
higher-order approximation as well. Ahn, Kaplan, Moll, Winberry and Wolf (2018) use the Schur
decomposition to solve a linearized general equilibrium heterogeneous agent model with aggregate
shocks. However, the system of equilibrium equations of their continuous-time model lends itself
naturally to the Schur decomposition without the need to be transformed to a reduced form as in

our method.

2 Method

2.1 Detail

A linear rational expectations model can be written in the following canonical form of Sims (2002)

Foy(t) =Tyt —1)+C+Vz(t)+1n(t), (1)

for t = 1,2,---, where y (¢) is an n x n vector of variables, z (t) is an m x 1 vector of exogenous
shocks, n(t) is a p x 1 vector of expectational errors with Eyn(t+ 1) = 0 for all ¢, and C is an
n X 1 vector of constants. Coefficient matrices I'g, I'y, ¥, and Il are n x n, n x n, n x m, and n X p,
respectively. It is assumed that there is a common bound £ on the maximal growth rate of the

variables in y. Typically £ is set slightly above a unity so that unit roots are classified as stable.



Suppose that Iy is invertible and the canonical form (1) is recast into the form

y(t) =Tyt —1)+C+ Uz (t)+1n(t), (2)

for t = 1,2,---, where I'y = I'j'I'y, C = I;!C, U = Iy, and II = T3I. We call (2) a
reduced form of the linear rational expectations model (1) following the simultaneous equations
model literature. Once a linear rational expectations model is transformed into a reduced form,
the Schur decomposition can be applied in lieu of the QZ decomposition to decouple the stable
and unstable block of the system. The former is faster than the latter.

Note that the entries of T'; of all the models that we consider are real. Then there always exists

a Schur decomposition of T’y such that

I = QQ), (3)

where () is unitary with QQ' = Q'Q = I,, and (Q is upper block-triangular or upper quasi-triangular
with 1 x 1 or 2 x 2 diagonal blocks (Golub and Van Loan 1996). The entries of both @ and 2 are
real. The real eigenvalues of T'; are in 1 x 1 blocks of the diagonal of  while its complex conjugate
eigenvalue pairs are given as the eigenvalues of 2 x 2 blocks on the diagonal of 2. We organize @)
and € so that the eigenvalues smaller than ¢ in modulus appear on the upper left diagonal of €
and those that are greater than or equal to & in modulus appear on the lower right diagonal of €.

We can now proceed with (3) and decouple the system of equations (2) into the stable and
unstable block. After such decoupling, the procedures that follow are exactly identical to those in
Sims (2002) once we let I'y = [, and '} = I, C=C, ¥ =0, and IT = II in the canonical form
(1). Since the QZ decomposition of an identity matrix is trivially the same identity matrix, some
expressions of Sims (2002) can be simplified.

Before concluding this subsection, we make two additional points on the Schur decomposition.

First, we obtain an extra computational gain by using a real from of the Schur decomposition in



(3) rather than its complex form. Suppose that 2 in (3) is partitioned as follows:

0= Qll 912

Ongxny  $222

where €11, 12, and Q99 are ny X nq, N1 X ng, and Ny X N, respectively, with ny + noy = n. Then
Q11 and 299 are also upper quasi-triangular, and the set of the eigenvalues of €2 is the union of
the eigenvalues of €1 and Qg. For s = 1,2,---, (222)° is again upper quasi-triangular, and its
eigenvalues are those of {255 raised to the power of s. Therefore, even if 2 is not strictly upper
triangular, the solution method of Sims (2002) works fine. In the complex form of the Schur
decomposition, on the other hand, €2 is given as strictly upper triangular, and all the eigenvalues,
real and complex, are placed on its diagonal. To highlight the performance gain of using a real
form rather than its complex form, we later report the results in both cases.?

Second, although one can use the Jordan decomposition rather than the Schur decomposition
to decompose Ty, the Schur decomposition is usually preferred in practical applications. The main
reason is the difficulty in developing a stable numerical algorithm for the Jordan decomposition,
as discussed, for example, in Golub and Van Loan (1996). In the special case where I'y has no
repeated eigenvalues, one can use the standard eigenvalue decomposition as in Blanchard and
Kahn (1980) for which a robust numerical algorithm is available. Repeated eigenvalues, however,

frequently show up in applications.

2.2 Invertibility of I';

The Schur decomposition speeds up solving linear rational expectations models, but at the expense

of generality. Thus a natural question is whether the new method is widely applicable. A necessary

21t is straightforward to compute the eigenvalues of I'; from Q. The QZ decomposition also has a real form.
It is faster to compute the real QZ decomposition than the complex QZ decomposition. However, it requires
more work in Matlab to extract the generalized eigenvalues from the upper quasi-triangular matrix of the real QZ
decomposition than from the strictly upper triangular matrix of the complex QZ decomposition. So, depending on
the size of a model, the extra cost to compute the generalized eigenvalues from the real QZ decomposition could be
larger in Matlab than its performance gain compared to the complex QZ decomposition. The Lapack routine dgges,
which is used by Matlab to compute the real QZ decomposition, originally returns the generalized eigenvalues but
Matlab does not return them. Function schur of Julia and function gz of package QZ of R return the generalized
eigenvalues computed by dgges.



condition for a linear rational expectations model to be transformed into a reduced form is that
all model variables, endogenous and exogenous, appear on the left hand side of (1) at least once.
Otherwise I'y would not be invertible. For illustration, let us consider a simple example where the
dynamics of inflation 7; is given as

T = BEm41 + wy, (4)

for t = 1,2, -- where wu; is serially independent with Eyu;y = 0. If 0 < f < 1, (4) has a unique
solution 7; = u;. Now suppose that we are also interested in two step-ahead expected inflation so
we add Ty o = Eymqo to (4). The dynamics of m; does not change so the solution is still m = uy,
which implies that 7o = 0. The following canonical form of the extended model however cannot

be transformed to a reduced form since 7,19, does not show up on the left hand side:

1 —6 0 Tt 0 0O Tt—1 1 0 0 L
M

1 0 0 7Tt+1|t = 010 7Tt|t—1 + 0 Ut + 10 ) )
U

0 1 0 7Tt+2|t 0 0 1 7Tt+1|t—1 0 0 1

where 7y, j1; = By, 77t1 = Ty — Tyt—1 and 77152 = Ti1ft — Tet1ft—1-

For most of the DSGE models in the literature, I'g is invertible but there are some exceptions,
one of which is the model of Smets and Wouters (2007). It cannot be immediately transformed
into a reduced form since the real interest rate in its flexible-price part does not appear on the
left hand side of the canonical form as in the simple example above. We argue that our method
is still viable as one can examine the system of equations and modify it for invertibility into a
reduced form. In the simple example above, we can easily reduce the extended model into the
original model and add an equation for two step-ahead expected inflation, which is a function of
the solution for inflation, afterwards. In Smets and Wouters (2007), the real interest rate of the
flexible-price part can be eliminated from the system and the reduced system can be solved using
our method. The solution for the real interest rate in terms of the other endogenous variables can
be easily added after the reduced system is solved.

An extra computational cost to invert I'y is incurred when a linear rational expectations model

is transformed into a reduced form. But the cost is smaller in many cases than the performance



gain of switching from the QZ decomposition to the Schur decomposition. The extra cost is
also partially compensated because some matrix inversions during the solution procedure become
unnecessary with the Schur decomposition. For some DSGE models in the literature, such as a
simple 3-equation New Keynesian model, the medium-scale model by Smets and Wouters (2007)
(after the aforementioned treatment), and the multisector model by Carvalho, Lee and Park (2020),
[’y can be inverted analytically before solving those models. Since I'y does not have to be inverted

numerically every time, we can save some time further.?

3 Performance comparison

In this section the solution method with the Schur decomposition is compared to the original
method with the QZ decomposition in terms of computing time to solve several DSGE models,
from a small scale to a medium scale and to a large scale.* For fair comparison, we invert Iy every
time and include its time to the computing time of the method with the Schur decomposition.
To separately figure out the performance gain of using a real form of the Schur decomposition
rather than its complex form, we try both real and complex form of the Schur decomposition and
compare them in terms of computing time.

The new method is tested with the following DSGE models. The first model is a simple New
Keynesian model that has 3 equations. Then we consider the model of Smets and Wouters (2007)
and the model of Carvalho, Lee and Park (2020) that can be considered as a medium-scale model
with 39 and 144 equations, respectively. While the model of Smets and Wouters (2007) is a single-
sector New Keynesian model, the model of Carvalho, Lee and Park (2020) is a multisector New

Keynesian model with 27 sectors and the roundabout production structure. Lastly, the multisector

3Typically I'y can be analytically inverted if the steady state of a DSGE model does not appear in the equilibrium
equations. Even if the steady state of a DSGE model enters the equilibrium equations, it can be analytically inverted
if the steady state of a DSGE model can be solved analytically — as is the case for many multisector models. For
a large-scale model with hundreds or thousands of equations, one can use a symbolic mathematics package such
as Symbolic Math Toolbox of Matlab to invert I'y. However, it is found in simulation exercises that the gain of
inverting I'y analytically can be smaller than the cost of numerically evaluating I'; ! for complicated DSGE models.
Later in Section 3, we compare the performance of the original method and the new method by numerically inverting
Iy for consistency across different models.

4We make a few changes in the original gensys Matlab code written by Chris Sims so that it works as similarly
to the code that implements the new method as possible. Some of these changes were taken from the most recent
version of gensys, which is written in R by Chris Sims.
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Figure 1: Computing time comparison

Note: The computing time of the solution method with the Schur decomposition includes time to invert I'g nu-
merically. The reduction in time is computed relative to the method using the complex QZ decomposition. The
computing time is the average computing time of multiple runs for each model. The exercise is done in Matlab on
a computer that is equipped with Intel Xeon CPU E5-2640 v3 (4 physical cores) and 32GB RAM. The details of
the comparison exercise are given in the appendix.

New Keynesian model of Lee and Park (2020) is solved with different numbers of sectors. It does not
have the roundabout production structure but features a kinked demand function for consumption
goods. The largest number of sectors that we consider for the model of Lee and Park (2020) is 272,
which is the number of the consumer product categories (entry level items) on which Nakamura
and Steinsson (2008) estimate a number of price facts.

The result is reported in Figure 1 and Table 1. First, observe that the computing time to
solve a DSGE model rises fast with the dimensionality of the model. It takes almost a minute to
solve the model of Lee and Park (2020) with most disaggregate sectors, which is too slow for any
realistic simulation and estimation exercises. The computing time is greatly reduced with the Schur
decomposition and the reduction in time is bigger with its real form. The relative performance
gain is bigger for a larger-scale model. It reaches almost 90% as the number of equations of a

model becomes greater than 1,000.



Table 1: Computing time comparison

Models Number of Computing time (seconds) Reduction
equations complex complex real in time (%)
Qz Schur Schur
(1) (2) NS
Simple NK model 3 0.00018 0.00014 0.00007  22.2 59.5
Smets and Wouters (2007) 39 0.0011 0.0009 0.0007 18.0  33.0
Carvalho, Lee and Park (2020) 144 0.0119 0.0104 0.0072 13.0 39.9
Lee and Park (2020)

with number of sectors 2 18 0.0005 0.0004 0.0003 22.1 46.5
10 74 0.0060 0.0028 0.0023 53.1 61.3
25 179 0.0637 0.0194 0.0181 69.6 71.6
50 354 0.2963 0.0870 0.0594 70.6 80.0
75 529 0.8937 0.2585 0.1828 71.1 79.5
100 704 2.4731 0.5332 0.3732 78.4 849
150 1,054 8.5612 1.5532 0.8941 819  89.6
200 1,404 20.8134 3.9729 1.8538 80.9 91.1
250 1,754 44.4219 8.3771 3.6041 81.1 91.9
272 1,908 55.9110 11.2089 4.8719 80.0  91.3

Note: See the note for Figure 1.

4 Conclusion

The original method using the QZ decomposition proposed by Sims (2002) is powerful since one
does not have to care about non-invertibility of I'y. However, it comes with a cost of relatively slow
performance, which can increase rapidly in the dimensionality of a model. The cost is multiplied
by millions when one has to solve the model millions of times for a Monte Carlo simulation.

We propose to use the Schur decomposition in lieu of the QZ decomposition after transforming
a DSGE model into a reduced form. By switching to the Schur decomposition, we can reduce com-
puting time substantially, up to to 91.3% for a large-scale model with 1,908 equations. Therefore,
an efficient strategy would be that one uses the method with the QZ decomposition when he or
she does not have to solve a model many times, for example in a development stage, and uses the
method with the Schur decomposition when the model has to be solved many times, for example

in an estimation stage.

10



References

[1] Acemoglu, D., Carvalho, V.M., Ozdaglar, A., Tahbaz-Salehi, A. (2012). “The network origins

2l

3]

4]

[5]

(6]

7]

8]

9]

[10]

[11]

of aggregate fluctuations,” Econometrica 80 (5): 1977-2016.

Ahn S., Kaplan, G., Moll, B., Winberry, T. and Wolf, C. (2018). “When inequality matters

for macro and macro matters for inequality,” NBER Macroeconomics Annual 32(1): 1-75.

Atalay, E. (2017). “How important are sectoral shocks?”  American Economic Journal:

Macroeconomics 9 (4): 254-280.

Blanchard, O. and Kahn, C.M. (1980). “The solution of linear difference models under rational

expectations,” Econometrica, 48, 1305-1313.

Bouakez, H., E. Cardia and F. Ruge-Murcia (2009), “The Transmission of Monetary Policy

in a multisector Economy,” International Economic Review 50: 1243-1266.

Carvalho, C., Lee, J.W. and Park, W.Y. (2020). “Sectoral Price Facts in a Sticky-Price Model,”

Working paper.

Carvalho, V. M. and A. Tahbaz-Salehi. (2019). “Production Networks: A Primer,” Annual
Review of Economics 11: 635-663.

Carvalho, V. M. and X. Gabaix. (2013) The Great Diversication and its Undoing. American
Economic Review 103(5): 1697-1727.

Dupor, Bill. (1999). “Aggregation and Irrelevance in multisector Models.” Journal Monetary
Economics 43:391-409.

Fernandez-Villaverde, Jesus, Juan Rubio-Ramirez, and Frank Schortheide. (2016). “Solution
and Estimation Methods for DSGE Models,” in: J. B. Taylor & Harald Uhlig (ed.), Handbook

of Macroeconomics, edition 1, volume 2: 527-724, Elsevier.

Foerster, Andrew T., Pierre-Daniel G. Sarte, Mark W. Watson, (2011). “Sectoral versus ag-
gregate shocks: A structural factor analysis of industrial production,” Journal of Political

Economics 119 (1): 1-38.

11



[12] Golub, Gene H. and Van Loan, Charles F. (1996). Matriz Computations, Baltimore: Johns

Hopkins University Press.

[13] Horvath, Michael. (1998). “Cyclicality and Sectoral Linkages: Aggregate Fluctuations from

Independent Sectoral Shocks.” Review Economic Dynamics 1:781-808.

[14] Horvath, Michael. (2000). “Sectoral Shocks and Aggregate Fluctuations.” Journal Monetary
Economics 45:69-106.

[15] Kim, J., Kim. S., Schaumburg, E. and Sims, C.A. (2008). “Calculating and using second-
order accurate solutions of discrete time dynamic equilibrium models,” Journal of Economic

Dynamics and Control, 32, 3397-3414.

[16] Klein, P., (2000). “Using the generalized schur form to solve a multivariate linear rational

expectations model.” Journal of Economic Dynamics and Control, 24, 1405-1423.

[17] Lee, J.W. and Park, W.Y. (2020). “Cross-sectional Distribution of Price Stickiness and Infla-

tion Stability,” Working paper.

[18] Long, John B., Jr., and Charles I. Plosser. (1983). “Real Business Cycles.” Journal of Political
Economy 91: 39-69.

[19] Miranda-Pinto, J., Young, E. (2019). “Flexibility and Frictions in Multisector Models,” Work-

ing paper.

[20] Nakamura, E. and Steinsson, S. (2008), “Five Facts About Prices: A Reevaluation of Menu

Cost Models,” Quarterly Journal of Economics, 123(4): 1415-1464.

[21] Pasten, E., R. Schoenle and M. Weber (2020), “The Propagation of Monetary Policy Shocks

in a Heterogeneous Production Economy,” Working paper.

[22] Schmitt-Grohe, S. and Uribe, M. (2004). “Solving Dynamic General Equilibrium Models Using
a Second-Order Approximation to the Policy Function,” Journal of Economic Dynamics and

Control (28): 755-775.

12



[23] Sims, C.A. (2002). “Solving Linear Rational Expectations Models,” Computational Economics,
20(1-2), 1-20.

[24] Smets, F. and Wouters, R. (2007). “Shocks and Frictions in US Business Cycles: A Bayesian
DSGE Approach,” American Economic Review, 97(3), 586-606.

[25] Uhlig, H. (1999). “A Toolkit for Analysing Nonlinear Dynamic Stochastic Models Easily,” in
Ramon Marimon and Andrew Scott, eds, Computational Methods for the Study of Dynamic

Economies, Oxford University Press, 30-61.

Appendix

A Details of the performance comparison exercise

We solve the models multiple times and compute the average computing time per run. The number
of runs are: 1,000,000 for the simple New Keynesian model and Smets and Wouters (2007) model,
100,000 for Carvalho, Lee and Park (2020); and 100,000 for the 2-sector model, 10,000 for the
10-sector, 25-sector, 50-sector model, 1,000 for the 75-sector, 100-sector, 150-sector, 200-sector,
250-sector, 272-sector of Lee and Park (2020). For larger models, we invert I'y using reusable

matrix decompositions in Matlab for faster inversion.
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Details of the solution method
for

Solving Reduced-form Linear Rational Expectations Models *

This note presents the details of the solution method using the Schur decomposition.

A linear rational expectations model can be written in the following canonical form of Sims (2002)
Loy (t) =Ty (t =1) + C+ ¥z (t) +1In (1), (1)

for t =1,2,---, where y (t) is an n x n vector of variables, z (t) is an m x 1 vector of exogenous shocks, 7 (t) is a
p x 1 vector of expectational errors with Eyn (¢t + 1) = 0 for all ¢, and C is an n x 1 vector of constants. Coefficient
matrices ['g, I'1, ¥, and II are n X n, n X n, n X m, and n X p, respectively. It is assumed that there is a common
bound & on the maximal growth rate of the variables in 3. Typically £ is set slightly above a unity so that unit
roots are classified as stable.

If Ty is invertible, the canonical form (1) can be recast into the form

y(t) =Ty (t = 1)+ C+ ¥z (1) + (1), (2)
for t = 1,2,---,T, where I'; = Falfl, C = FalC, U = F(;I\Il, and II = I’(;IH. There always exists a Schur
decomposition of I'; such that

I = Q0Q’, 3)

where @ is unitary with QQ’' = Q'Q = I,, and € is upper block-triangular or upper quasi-triangular with 1 x 1 or
2 x 2 diagonal blocks. Note that @)’ is the conjugate transpose of Q.
Let w (t) = Q'y (t) and pre-multiply both sides of (2) with @’ to obtain

w(t) = Qu(t=1)+Q [C+ ¥z (1) +TIn (1)) (4)

The diagonal entries of ) are the eigenvalues of I';. Let us denote the eigenvalues of I'; with {wii}i,. Note that
some of the eigenvalues can be repeated. We can rearrange the Schur decomposition (3) so that w;;’s are placed
in the ascending order: |wy;| < |w;;| if 1 <i < j < n. Suppose that there are k eigenvalues smaller than ¢ in the

absolute value: |w;;| < € for 1 <4 < k. We can partition € accordingly such that

Q:

Qi Qe
0 Qo |’

where €17 is a k£ x k matrix whose diagonal entries are {wii}le and Qoo is an (n — k) x (n — k) matrix whose

*Jae Won Lee (University of Virginia) and Woong Yong Park (Seoul National University). First version: May 2020. This note
follows the description of the solution method by Sims (2002).



diagonal entries are {w;;};_, 41+ The vectors and matrices in (4) can be partitioned in the same way

wy(t) | | Q1 Qe wy (t—1) Q1. s ~
[wz(t)]_l 0 Qo [wz(t—l) + Q. [C"i'\l/ (t)+Mn(t)]|, (5)
where
/_ Ql-
@ - [ @ ]

Now note that the lower block of equations in (5) is explosive since the eigenvalues of )9 are greater than or
equal to the bound £. It has a solution that does not explode so long as we solve it forward to make w, as a function

of future z’s. Let us define
22 (t) = Q. [C* + Uz (t) + IIp (t)} .

It follows that
wy (1) = Qppws (t+1) — Qpp o (t+ 1)

(oo}
= lim Qpws (¢ +5) — >y aa(t+s)

S—r

== 0w (t+s), (6)

s=1

where in the last equality it is assumed that Q55w (t + s) tends to 0 as s tends to infinity, which will be verified
later. This equation implies that the expectational errors should endogenously fluctuate to equate the variable

known in period ¢ on the left hand side and a function of the future values on the right hand side. Note that

ZQQQQQHn t+s) ZQ U[Ez(t+s)—z(t+s)],

s=1

which leads to
Q210 (t + 1) ZQ 5T QU [Erz (t+5) = Bz (t+5)].

For such 7 (¢) to exist, it is required that

span (Qg.ﬁ) > span <{922 Qp. 0 }” f) , (7)

s=

according to Sims (2002). If z (¢) is serially uncorrelated, the existence condition (7) is reduced to
Q21 (t+1) = Q2. Wz (t + 1),

which requires that

span (Qg.ﬁ) D span (Qg.\i/) .

Once we confirm that such 7 (f) exists, we can take expectations conditional on the information set available in
period ¢ on both sides of (6) to obtain

wy () = =Y Q55 Qo B, [é Fz(t+ s)} = (1= Q) ' QuC =Y 0 QB (t+5). (8)

s=1 s=1



If z (t) is serially uncorrelated, the solution for ws () is simplified to
wa (t) = (I - QQQ)_l Qgé

For the system to have a unique solution, we should be able to pin down the expectational errors for the stable
block using the solution found by solving the unstable block forward. Specifically, there should exist a k x (n — k)

matrix ® such that

QLT = Q, 1.
Suppose that such ® exists. Then (5) leads to
Iy - Q Q1o — Q) = ®Q | = = DQs. | - 0 -
k wity= | e 2 | (= 1)+ @1 Q2 G @1 Q2 on iy (1)
0 I 0 Q22 Q2. Q2. Q2.
Replace the process for ws (t) with its solution (8) to obtain
Q1 Qg — 00 =R (I— Q)| Q2 | 4 = ®Qs. | -
w(t):l 1 L 2 |- 1)+ o) { ( _122) }Q2 o Q1 Q2 1@2(”
0 0 (I —Q22) " Qo 0
o IR
-1, ZQQQ Q2 VEz(t+5),
s=1

which, by pre-multiplying @ = [ Q1 Qo }, can be transformed to,

Q1. — @ [I— (I - 922)_1} Q2.

c
(I —Q92)" " Qo

y(t)=Q1 [ Qi1 Qi — POy }Q’y(t— N+Q

+Q1(Qr. — ®Q2) Uz () — (Q1P+ Q2) Y 0 Qo UE 2 (t+ 5).

s=1

If z (t) is serially uncorrelated, the solution is reduced to

Q1. — @ [I - - Q22)71} Qa.

C+Q1(Qr —2Q2)Tz(t).
(I —Q2) " Qo ro@ Q) W=l

y(t)=Q [ Qi1 Qg — 9Oy }Q/y t-1)+Q

If there are no stable roots, that is k = 0, @ = Q2. = Q.2 and the solution is simply

y(t)=Q2(I - Q22)_1 Q2.0 — Qo Z Oy Qo VE, 2 (t+ 5).
s=1

If z (t) is serially uncorrelated, the solution is simplified to

y(t)=Qa(I - 922)_1 Q-».C.
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